Math 2233
Solutions to Homework Set 9

1. Combine each of the following power series expressions into a single power series.

) D (A D@ - 1" ) n(e— 1)

e First we shift the summation index of the first power series up by 1 (remem-
bering to shift its starting point down by 1);

i(n+1 x—l”l—l—inx—l i(n—i—Q x—l”—i—inm—l
n=1 n=0 n=0 n=0

Now both power series start off at the same value of n and involve the same
powers of (z — 1); so we can combine them into a single power series by simply
adding the coefficients of like powers of (x — 1). Hence,

D> (n+1)( ”1+Zn$ = > (n+2)+n)(z—1)"
= Z(Qn +2)(x —1)"
(b) Z(n + Day o™ + Z na,r" !

e This problem can 7lzaeohamdled several different ways. We could shift the summa-
tion index of the first series down by 2, or we could shift the summation index
of the second series up by 2, or we could shift the first up by 1 and the second
down by 1. Let’s do it the first way

Z(n + Day 2™ + Z na,z" ' = Z(n —Da,z™ 't + Z na,z" !
n=0 n=0 n=2 n=0
= Z(n — Danz™ "t + 0agz ™" + 1ay2° + Z na,z"
n=2 n=2
= a+ Z ((n = 1)a, + na,) 2"

n=2
= ay+ Z(Zn — 1apa"
n=2

In the last step we shifted the summation index again just so that it would be
easy to identify the total coefficient of the n'* power of x in terms of n.
oo oo

(x—1) Z na,z" " + Z a,x"
n=0 n=0
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e) x° Zn(n —1a (z—1)"?

xZnanI—lnl—Fianx—l
n=0
[(z—1) Znan )+ Zan(x - 1)"
Znanx—l +Znanx—1”1+ianx—1
n=0
Znan:v—l +Zn+1an+1x—1 —I—Zan:r—l
n—1
Znan(m— 1)" + ((O)ao(:c —1)” +Z (n + Dansi(z —1)" )
n=0 n=0
+ian(a:—1)"
Znanx—l +Zn+1an+1 ”—i—ianx—l
n=0
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e We shall begin by calculating the Taylor expansion of z? about z, = 1.
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Therefore

n(n — Da,(z — 1)"2

]2

7 Zn(n —Dag(z—1)"? = (14+2z—-1)+ (z—1)?)

i
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= Znn—lanx—l)" 24 2(r—1) Znn—lanx—l)
n=0 n=0
$—122nn—1an1’—1)
n=0

= Znn—lanx—ln 2+22nn—1)an(:c—l)
n=0

n=0

—l—inn—lanx—l)
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_ ni(n L 2)(n+ Dansale — 1) + n:il 2+ 1)(n)an s (x — 1)"
+ nf;n(n — Dag(z — 1)
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2. Find the recursion relations for the power series solutions y(x) = Y " an(z — ,)" of
the following differential equations

(a) ¥y —ay —y,2,=0
e Setting



into the differential equation (?7), we get

o0

o
0 = E n(n — 1)a,z" —Z‘E na,x _5 anx"
n=0 n=0

o0

= Zn(n—lan Znanaj —Zan

n=0
We now shift the first series by 2 by setting
k = n—2
n = k+2

and simply relabel the counting index of the last two series by k.

o0

0 = Z (k+2)(k + Dagyoz” — i kapa® — i apx”

k=—2 k=0 k=0

= (=2+2)(-2+ Dagz >+ (=1 +2)(=1+ Darz™" + > _(k +2)(k + Dapsz”
k=0
— Z kapz® — Z apx®
k=0 k=0

= 0+0+ Z(k +2)(k + Dapioz® — Z kapx® — Zakxk

k=0 k=0 k=0

= Z ((k+2)(k+ 1)agse — kag—ay) x

In order to ensure that the right hand side vanish for all z we now demand the
total coefficient of ¥ vanish for all k. Thus

(k+2)(k+1)ags2 — (k+ 1)ap =0 , for all £

or, after solving for a;,o and then replacing k by n
Qn
(n+2)
The above equation is the recursion relation for the coefficients ay. 0
(b)y' —ay —y=02,=1
o We set

An42 =

= Z an(x—1)"

and plug into the differential equation:

o0 o0

O:Zn(n—l)an(x—l —xZnanx—l Zanx—l

n=2 n=0



(c) (1-

The hardest part about this problem will be to combine the three power series
appearing on the right hand side of the equation above into a single power series.

We have

o

Zn(n—l)an(x—l —xZnan:U—l Zanm—l

n=2
9]

Zn(n—l)an(x—l)" —(z—1+1) Znanx—l Zanx—l

n=2
—ian(x—xo)"
n=0
im+2 J(m + Dagqo(x —1)" Znanaj—l
m=0 n=0
i(l{;—i-l)akﬂ x— 1) ianx—l

n=0
Z(n+2)(n+ Dayo(x Znan (x —1)"
n=0

—Zn+ Yapsr(z —1)" Zan:v—l
Z n+2)(n+ 1ayie —na, — (n+ 1)ap41 + ay,) (x —1)"
n=0

We must therefore have
0=(n+2)(n+1)aps —na, — (n+ 1)ap1 — ay

or
a . G + Qp41
n+2 — (TL + 2)

)y +y=0,2,=0

(1—2)y" +y=0 : o =10



Since z, = 0, we set

o0

y(x) = Z anx"

n=0

and plug this expression for y(x) into the differential equation. This yields

0 = (1—-x inn—l Yanz" 2+Zan$
n=0 n=0
= inn—lan Q_i”(”—l)anxnl+ianxn
n=0 n=0

n=0

We now perform the usual shifts of summation indices (in order to put each
series in standard form) and then combine the above sum of three series into a
single series.

0 = Y (k+2)(k+Dagor® = > (k+ D (k)apnz® + ) apa”
k=—2 k=-1 k=0
— 0—1—0—1—2 (k+2)(k + Daggoz™ — 0 — Z (k+ 1)( k)ak+1xk+2akxk
k=0 k=0
= Z ((k+2)(k 4+ Dagrs — k(k + 1)ager + ag) 2F
k=0

We can now read off the recursion relation:
(k+2)(k+ Dagio — k(k + 1)agss +ar =0
or, after solving for aj,o and then replacing k by n

nn+ 1)ap1 — an
(n+2)(n+1)

Apyo =

(d) y"+xy +2y=0,2,=0
e Since x, = 0, we set

o0
= E anx”
n=0

and plug this expression for y(z) into the differential equation. This yields

o0 o0
nn —1Daz"* + 2 E na,x™ 4+ 2 E an "
n=0 n=0

n(n — Da,z" 2 + Z na,z" + Z 2a,1"
n=0 n=0

We now perform the usual shifts of summation indices (in order to put each
series in standard form) and then combine the above sum of three series into a
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single series.

o

0 = Z (k+2)(k + Dagyoz® + Z kapx" + Z 2ayx"

k=—2 k=0 k=0

= 0+0+ Z(k’ +2)(k + Daggo2® + Z kapr® + Z 2ay "
k=0 k=0 k=0

= Y ((k+2)(k+ Dages + (k +2)ar) 2
k=0

Our recursion relations are thus,
(k+2)(k+ Dagso+ (k+2)ar, =0

or, after solving for a;,o and then replacing k by n

an
(pyo = —
+2 1
O
(e) (1+2%)y" —4dzy +6y=0,2,=0
e Since x, = 0, we set
) =3 "
n=0

and plug this expression for y(z) into the differential equation. This yields

0 = (1+2° inn—lan —4xinana€"+6ianw"
n=0 n=0 n=0
i n(n —1)a,a" 2 + i n(n —1a,z" — i dna,x" + i 6a,z"
n=0 n=0 n=0 n=0

We now perform the usual shifts of summation indices (in order to put each
series in standard form) and then combine the above sum of three series into a

single series.

o0

0 = Z (k4 2)(k + Dago2" + Z k(k — Daga® — Z 4kara® + Z 6ayz”

k=—2 k=0 k=0 k=0

= 0+0+ Z(k +2)(k + Dag 02" + Z k(k — 1)apz® — Z4kakxk + Z 6agr”
k=0 k=0 k=0 k=0

((k +2)(k + Dagi2 + (K* — 5k + 6) ai) 2"
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We thus arrive at the following recursion relation (k+2)(k+1)agi2+(k—2)(k—
3)ar, = 0. After solving for ayyo and then replacing k by n
—(n—2)(n —3)ay,

(n+2)(n+1)

Anp42 =
]

3. Find power series expressions for the general solutions of the following differential equa-
tions. (You may utilize recursion relations found in Problem 3.)

(a) y" —zy —y=0,2,=0
e In Problem 3a we found that the recursion relations for a power series solution
about x, = 0 for this differential equation are

aTL
Apy2 =
n—+2
We will now apply these recursion relations for n = 0,1,2,3,... to get expres-
sions for the coefficients as, as, a4, as, ... in terms of the first two coeflicients ag
and a;.
ay aj
n=0 = CLQZCL()_,_Q:W%:?O
— I __a __a
n=1 = ag—a1+2—1—+12—§1
P J— . _a __a
n=2 = a1=a20= 95 =7 = g
a a a
n=3 = a5= a3 = 375 = 5 = 33
a. a. aj
n=4 = a=a112= 115 = G T 545
Hence

y(r) = Zanmn
n=0

2 3 4 5 6
= a9+ a1x + asx” + azxr” + aux” + asx” + agr” + - - -
aq Qo

_ ap o 01 3 Ao 4 ar s 6, .
ao+a1x+2x+3x —|—2'4x —|—3_5a: +2.4.6x—|—
1 1 1
= 14+ Zg2 4 64 ...
a0(+2x+2.4x+2.4_6x+ )
+ i Loy
a |+ =z —
! 3 3.5

(b) ¥ =2y —y=0,2,=1

e n Problem 3b we found that the recursion relations for a power series solution about
x, = 0 for this differential equation are

an + Ap+1

aﬂ+2 = (n + 2)



10

We will now apply these recursion relations for n = 0,1, 2, ... to get expressions for
the coefficients as, as, aq, ... in terms of the first two coefficients ag and a;.
— — — apta1 __ ag ai
n_o = a2_a‘0+2_ Oi? _2+12
- - _amta a1 4 Ll (a 4 &) _ a0 | @
n=1 = a3_a1+2_112_13—’_3(2—’_21)_6_'_2
- - _agtaz _ 1 (a0 | a1 l(ag | a1\ _ a0 | &1
n=2 = a4=axp = 2+2_4(2+2)+4(6+2)_6+4

Therefore

y@) = 3 aux—1)"

= ao+ay(r—1)+ay(z—1)* +as(z —1)° +ag(z —1)* +---

= CLO—I—al(l’—l)—i-(%—i-%)(l‘—l)z—i-(%4-%)(:6—1)34-<%+%)($—1)4+"'

= ao<1+%(w—1)2+é(:c—1)3+é(x—1)4+~-~)—1—

a <(x—1)+%(:ﬁ—1)2+%($—1)3+}1(x—1)4+---)
O

4. Find power series expressions for the solutions to the following initial value problems.
(You may utilize recursion relations found in Problem 3.)

(a) (L—2)y"+y=0,y(0)=2,4(0)=1
e In Problem 3c we obtained the following recursion relations for power series
solutions of this differential equation (expanded about z, = 0).

nn+ a1 — ap
(n+2)(n+1)

Apy2 =

For such solutions

the initial conditions imply

2 = y(0)=ag
1 = y(0)=an

We now can apply the recursion relations to get numerical values for as, as, ay, . . .

0(0+1)a—
1(1+1 — — _9_
n ]_ = ag = ( +3.;2 o1 _ 2a26 a1 — 26 1 — —%
_ 2(2+Dag—az _ 6a—as __ —3+1 _1
=4 = 0= 13 12 T 12 ] 6
=3 = 3(3+1)as—az __ 12a4—a3 __ —2+3 __ 3

as = 54 =720 ~— "20 — 10
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y(r) = Z anx"
n=0
= a9+ ax+ a2x2 + a3x3 + a4x4 + asx
2 14 14 3

= 9 2 T Tt b
+r—=x 2x GI 401‘—1-

5

D)y —xy —y=0,y1)=1,y(1) =2

e In Problem 3b we found that the recursion relations for a power series solution about
x, = 1 for this differential equation are
Ay + A1
(n+2)
Also, also in Problem 4b we found that the power series expansion about xg = 1 of
the general solution to this differential equation is
o=t (0 2) G (22 a1 (20 ) -
All that remains to be done is to use the initial conditions to fix the values of the
first two coefficients.

Ap42 =

y)=1 = qy=1
y(1)=2 = a =2
Therefore, the solution to the initial value problem is

y(x) = 1+2(1’—1)+<%+§) (x—1)2+<%+§) (x—1)3+<6+1) (z—1D*+---

2
= 1+2(a;—1)+§(x—1)2+g(x—1)3+§(:c—1)4+-~



