LECTURE 17

Variation of Parameters

Consider the differential equation

(17.1) v +p(x)y + q(x)y = g(x)

Suppose y1(x) and ya(z) are two linearly independent solutions of the homogeneous problem corresponding
to (17.1); i.e., y1 and yo satisfy

(17.2) y" + @)y +q(z)y =0
and

(17.3) Wiy, y2] # 0

We seek to determine two functions u;(x) and us(z) such that

(17.4) yp(x) = ur(2)y1 (2) + ua(2)y2(x)

is a solution of (17.1). To determine the two functions u; and us uniquely we need to impose two (inde-
pendent) conditions. First, we shall require (17.4) to be a solution of (17.1); and second, we shall require

(17.5) uhyy + uhyos =0

(This latter condition is imposed not only because we need a second equation, but also to make the calcu-
lation a lot easier.)

Differentiating (17.4) yields

(17.6) Y, = uty1 + uryy + uhys + ugyh

which because of (17.5) becomes

(17.7) Yp = w1y + u2ys

Differentiating again yields

(17.8) Yp = ury1 +uryy + usys + usyy

We now plug (17.4), (17.7), and (17.8) into the original differential equation (17.1).

g(z) = (uiyy +ury) +ubys +uzyy) + p(x) (wiyy + uays) + q(w) (urys + usys)

17.9
(179) = uiyh +upys +un (v + p()ys + q(@)yr) + uz (45 + p(2)ys + q(2)y2)
The last two terms vanish since y; and ys are solutions of (17.2). We thus have

(17.10) uyyr + uhys =0

(17.11) Uy Yy + unyy =g

We now can now solve this pair of equations for u; and wuy. Rather than explicitly carry out the algebraic
solution of equations (??) and (??), we’ll use the following general fact:

Facrt 17.1. Let
Ax+ By = e
Cx+ Dy =
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be a pair of independent linear equations in two unknowns x and y. Then the solution of this system is
given by

eD — Bf
AD — BC

_ Af—eC

4 AD — BC

Thus, in the situation at hand, regarding (??) and (??) as a pair of linear equations for u} and uf, we have

—y29  _ _—yag
Y1Y5—Y1Y2 Wly1,y2]
vi1g _ __uyig

u/
(17.12) )

ul = =
2 Y1Y5—Y1Y2 Wy1,y2]

(Note that division by Wy, y2) causes no problems since y; and yo were chosen such that W(y1,y2) # 0.)
Hence

r —ya(t)g(t

13 ui(x) = %
(17.13) vy (Wg(t) g

ug(r) = Wiyl () ¢
and so

T n(t)g(t) “ gt
17.14 ) =—ypi(@) | 2Pty Wiy 2l ™
(17.14) ) ==ul) |y @™ T Wi wl®

is a particular solution of (17.1).
ExXAaMPLE 17.2. Find the general solution of
(17.15) y' —y —2y=2e""

using the method of Variation of Parameters.

Well, the corresponding homogeneous problem is

(17.16) y' —y —2y=0

This is a second order linear equation with constant coefficients whose characteristic equation is
(17.17) M-A-2=0

The characteristic equation has two distinct real roots

(17.18) A=-1,2

and so the functions

(17.19)

e
621

< <

N =

—~
8 8

~— —
|

form a fundamental set of solutions to (17.16).

To find a particular solution to (17.15) we employ the formula (17.14). Now

(17.20) g(x) =2e7"
and
(17.21) Wiy, y2)(z) = (e7%) (2¢**) — (—e ™) (**) =3¢,
o
(@) = —ui(2) [* vé}f;f)zi(t()t dt & u(@)] ' Vé’fy(—f?l‘,’;(f()t) dt

z e?t(2e7? x e “(2e”
(17.22) = et [T ——dt £+ e [ 3et
767:6‘[ %dt + 62mf 2 73tdt
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The general solution of (17.15) is thus

y(@) = yp(@) +ayi(z) + co(z)
(17.23) = —Zge 4 (01 — %) e 4 cpe?®

= 751,67:5 + Cie™® + 026236

where we have absorbed the —% in the second line into the arbitrary parameter C'.
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