
Lecture 23 : Review and Summary

Agenda:

I. Differential Equations: Solutions and Classification

II. 1st Order Differential Equations - Approximate Methods

III. 1st Order Differential Equations - Exact Methods

IV. 2nd Order Linear Ordinary Differential Equations: General
Theory

V. Laplace Transform Method

VI. Power Series Solutions of 2nd Order Linear ODEs
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II. First Order Differential Equations - Approximate
Methods

I General Form
dy

dx
= F (x , y)

I Direction Fields and the Graphical Method

I Numerical Methods

dy

dx
= F (x , y) , y (x0) = y0

x0 = x0

y0 = y0

xi+1 = xi + ∆x

yi+1 = yi + F (xi , yi ) ∆x
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III. First Order Differential Equations - Exact Methods
I General Solution vs. Unique Solution to Initial Value Problem

I Fundamental Theorem of Calculus
dy

dx
= f (x) ⇒ y (x) =

∫
f (x) dx + C

I Separable Equations

M (x) + N (y)
dy

dx
= 0 ⇒

∫
M (x) dx +

∫
N (y) dy = C

I First Order Linear ODEs

y ′+p (x) y = g (x) ⇒ y (x) =
1

µ (x)

∫
µ (x) g (x) dx+

C

µ (x)

where µ (x) is the “integrating factor”

µ (x) = exp

[∫
p (x) dx

]
Remember

exp (λ ln (x)) = xλ
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III. First Order Differential Equations - Exact Methods,
Cont’d

I Exact Equations

M (x , y) + N (x , y)
dy

dx
= 0 with

∂M

∂y
=
∂N

∂x

Φ (x , y) =

{ ∫
M (x , y) ∂x + h1 (y)∫
N (x , y) ∂y + h2 (x)

Figure out correct choice for arbitrary functions h1(y), h2(x)
Solve Φ (x , y) = C for y(x)
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IV. 2nd Order Linear ODEs:

I Standard Forms; Homogeneous vs. Nonhomogeneous Cases

y ′′ + p (x) y ′ + q (x) y = 0 (0)

y ′′ + p (x) y ′ + q (x) y = g(x) (1)



Homogeneous 2nd Order Linear ODEs:

y ′′ + p(x)y ′ + q(x)y = 0 (0)

I Superposition Principle: If y1 (x) and y2 (x) are solutions of
(0) , then so is y (x) = c1y1 (x) + c2y2 (x)

I Form of General Solution: Every solution of (0) is of the form
y(x) = c1y1 (x) + c2y2 (x) , where

0 6= W [y1, y2] (x) = y1 (x) y ′2 (x)− y ′1 (x) y2 (x)

I Reduction of Order Formula:

y2 = y1 (x)

∫
1

(y1 (x))2
exp

[
−
∫

p (x) dx

]
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The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case:

ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case:

ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



The Simple Cases of Homogeneous Linear ODEs

I Constant Coefficients Case: ay ′′ + by ′ + cy = 0.

y (x) = eλx

⇒ aλ2 + bλ+ c = 0

y (x) =


c1e

λ1x + c2e
λ1x λ1, λ2 ∈ R

c1e
λx + c2xe

λx λ ∈ R
c1e

αx cos (βx) + c2e
αx sin (βx) λ = α± iβ ∈ C

I Euler-type Case: ax2y ′′ + bxy ′ + cy = 0.

y (x) = xm

⇒ am2 + (b − a)m + c = 0

y (x) =


c1x

m1 + c2x
m2 m1,m2 ∈ R

c1x
m + c2x

m ln |x | m ∈ R
c1x

α cos (β ln |x |) + c2x
α sin (β ln |x |) m = α± iβ ∈ C



Nonhomogeneous 2nd Order Linear ODEs:

y ′′ + p(x)y ′ + q(x)y = g(x) (1)

I Form of the General Solution:

Y (x) = Yp (x) + c1y1 (x) + c2y2 (x)

I Variation of Parameters Formula:

Yp (x) = −y1 (x)

∫
y2 (x) g (x)

W [y1, y2]
dx + y2 (x)

∫
y1 (x) g (x)

W [y1, y2]
dx
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V. Laplace Transform Method

I Laplace Transforms

L [f ] (s) ≡
∫ ∞
0

f (x) e−sxdx

L
[
y ′
]

= sL [y ]− y (0)

L
[
y ′′
]

= s2L [y ]− sy (0)− y ′ (0)

I Inverse Laplace Transforms
I Partial Fractions Expansions
I Completing the Square in the Denominator

I Using Laplace Transform to Solve ODEs
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VI. Power Series Solutions of 2nd Order Linear ODEs

I Trial solution: y (x) =
∞∑
n=0

an (x − x0)n

I Initial Conditions

a0 = y (x0)

a1 = y ′ (x0)

I The DE determines a2, a3, . . . via its Recursion Relations
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Power Series Manipulations

y ′ (x) =
∞∑
n=0

nan (x − x0)n−1 , y ′′ (x) =
∞∑
n=0

n (n − 1) an (x − x0)n−2

q (x) y (x) =

(
q (x0) + q′ (x0) (x − x0) +

q′′ (x0)

2!
(x − x0)2 + · · ·

)
∗
∞∑
n=0

an (x − x0)n

∞∑
n=0

an (x − x0)n +
∞∑
n=0

bn (x − x0)n =
∞∑
n=0

(an + bn) (x − x0)n

0 =
∞∑
n=0

An (x − x0)n for all x ⇒ An = 0 for all n
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Power Series Method

I Choose expansion point x0
I Substitute y(x) =

∑∞
n=0 an (x − x0)n into the ODE

I Manipulate the resulting equation to get it in the form
0 =

∑∞
n=0 An(n, ai ) (x − x0)n

I Use An = 0 to get the Recursion Relations

I Systematically solve the Recursion Relations to find a2, a3, . . .
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Singular Points and Convergence of Series Solutions

The radius of convergence of a power series solution

y (x) =
∞∑
n=0

an (x − x0)n

to
y ′′ + p (x) y ′ + q (x) y = 0

will be the distance (in the complex plane) between x0 and the
closest singularity of p (x) and q (x)
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