Math 3013
Solutions to Sample Final Exam

1. Give the definitions of the following linear algebraic concepts:

(a) (5 pts) a subspace of a vector space V.

e A subspace of a vector space V is a subset W of V that is closed under scalar
multiplication and vector addition: i.e.,

AeR, welW = (Aw)elW
wuelW = (w+ueW
(b) (5 pts) a basis for a subspace W of a vector space V

e A basis for a subspace W of a vector space V' is a set of vectors B = {by,..., by}
such that each vector w € W has a unique expresson as a linear combination of the
vectors in B: i.e., each w € W can be expressed as

W261b1+02b2+"'+6kbk
in one and only one way.
(c) (5 pts) a set of linearly independent vectors

o A set {vy,..., v} of vectors is linearly independent if the only solution to ¢;vy +
Vot o+ v =01s¢, =0, co=0, ... , =0
(d) (5 pts) a linear transformation between two vector spaces V' and W.
e A linear transformation from a vector space V' to a vector space W is a function
T :V — W such that

— T (Av)=XI"(v) forall veV and all A € R.
—T(v4+Vv)=Tv)+T (V) forall v,v' e V.
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2. Suppose each of the following augmented matrices is a Row Echelon Form of the aug-
mented matrix of a linear system Ax = b. Describe the original system (i.e., how many
equations in how many unknowns) and describe the solution space of the corresponding
linear system. (Determine if there are solutions; and, if there are solutions, how many free
parameters are needed to describe the general solution.)

112 2]1
010 1]2
0000](0

e This augmented matrix corresponds to a system of 4 linear equations in four un-
knowns. It has a solution since there are no pivots in the last column of the aug-
mented matrix. There two columns without pivots in this row echelon form and so
the solution set is 2-dimensional

104 21
020 3|2
000O0]|O0
e This equation corresponding to the third row implies 0 = 1, and so there is no
solution

0 -1 01 2|1
0 0 20110

(©GPs) 1o g 092 1|0

This augmented matrix corresponds to a linear system with 4 equations in 5 unknowns. It
does have a solution. There are two columns without pivots in this row echelon form matrix
and so the solution space is 2-dimensional.



3. (10 pts) Solve the following linear system, expressing the solution set as a hyperplane.
—x9 4+ 223 =0
201 — 319 =2
Ty — X9 —23=1

We first row reduce the augmented matrix for this linear system to Reduced Row Echelon
Form:

0 -1 210 1 -1 —1|1
[Ab]=|2 -3 0 |2 Ri+— Ry | 2 -3 0 |2
1 -1 —1|1 ’ 0 -1 210

10 -3|1
Ri—~ R +R, |0 1 =20 |=RRE.F (A[b])
oo o]0

Next, we convert back to equations, putting the free variable x3 on the right hand side (23 is
the free variable because the 3rd column is the only column of the RREF without a pivot).

$1—31}3:1 :c1:1+3x3
To — 2£L’3 =0 To — O
0=0 2T
And so, x will be a solution vector if and only if
I ]_ —|— 31’3 1 3
X = T2 = 21‘3 = 0 + x5 2
T3 T3 0 1

which shows the solution vectors live on a line (i.e., a 1-dimensional hyperplane).



4. (10 pts) Compute the inverse of A
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5. (10 pts) Let W = {[z,y, 2] € R® | x + y + 2z = 1}. Prove or disprove that W is a subspace
of R3.
e Consider the vector w = [1,0,0] € W. If we scalar multiply w by 0 € R, we get
(0)w = [0,0,0]

But [0,0,0] ¢ W since 0+ 0+ 0 # 1. Therefore, W is not closed under scalar
multiplication, and so W is not a subspace of R3.
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6. Consider the vectors {[1,—2,2,1],[1,-1,3,1],[0,1,1,0],[2, —3,5,2]} € R?
(a) (10 pts) Determine if these vectors are linearly independent.

e We write the vectors as the rows of a matrix and row reduced to row echelon form

1 -2 21 1041
1 -1 3 1 0110
01 10| °]0000
2 =3 5 2 00 00
The two non-zero roows in the row echelon form indicate that the original set of

vectors were not linearly independent.

(b) (5 pts) What is the dimension of the subspace generated by these vectors (i.e. the
subspace spanned by these vectors)?

e The non-zero rows of the row echelon form form a basis for the row space. Since
there are two basis vectors, the subspace generated by the original set of vectors is
2-dimensional.
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7. Consider the following linear transformation: 7 : R® — R? : T' ([z1, x9.73]) = |12 — 73, 71 — x3].
(a) (10 pts) Find a matrix that represents 7.
e We have
T ([1,0,0]) = [0, 1]
T ([0,1,0]) = [1,0]
7([0,0,1]) = [-1, 1]
To get the matrix A we write the vectors on the right as columns:

w03 7]

(b) (10 pts) Find a basis for the kernel of T' (i.e. the set of vectors x such that 7' (x) = 0).

e We have
01 —1 1 0 -1
ker (T') = NullSp (Ar) = NullSp ([ 10 -1 D = NullSp q 01 —1 D
1
= span 1
1
Thus,

ker (T') = span ([1,1,1])
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8. (a) (15 pts) Find the eigenvalues and the eigenvectors of the following matrix: A= 0 0 1
001
e Carrying out a cofactor expansion alon the bottom row we get
1—Xx 1 0 1\ 1
pa (A) = det 0 -x 1 = 0+0+(=1)*" (1 — \) det ( 0y ) = -A(1-)\)?
0 0 1-—2A
and so the eigenvalues are A = 0, 1.
A = 0 eigenspace:
1 1 10 —1
NullSp(A — (0)I) = NullSp 0 = NullSp 001 = span 1
0 0 00 0

0
1
1

A = 1 eigenspace:

1
0
0
V>\o|:

0 010 1
NullSp (A — (0)I) = NullSp 1 1 | =NulSp| 0 0 1 | =span| O
0 0 0O 0

=  V)yo1 =

O O O

0
0
0
Thus,

(b) (5 pts)Is this matrix diagonalizable?

e No. In part (a) we only found 2 linearly independent eigenvectors. We need three
linearly independent eigenvectors to diagonalize a 3 X 3 matrix.
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9. (15 pts) Let A be the matrix [ Lo

11 3 } , Find a 2 x 2 matrix C and a diagonal matrix
D such that C"'AC = D.

e We first need to find the eigenvalues and eigenvectors of A.

o:pA(A):det( _11_A 3EA>:(—1—A)(3—A)—5:A2—2A—8=(A—4)(A+2)

= A=42

— A = 4 eigenspace:

NullSp (A —41) = NullSp( _15 _51 ) = NullSp( (1) - ) - span ([ 1 D

1
- [}

A = —2 eigenspace:

NullSp (A — (-2)I) = NullSp( 1 g ) = NullSp( (1) ?) ) = span( _15 >

-5
- e[ 7]

Since we have two linearly independent eigenvectors we can use them to con-
struct an invertible matrix C that diagonalizes A, and use their eigenvalues to
construct the diagonal matrix D:

c-[1 7] oeli 5]
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10. (15 pts) Let v = [1,1,1] and let W = span ([1,1,0], [0,1,1]). Find the orthogonal
decomposition v = vy + v of v with respect to the subspace W.

e We are given a basis for W, and so first we need to find a basis for W+ = {v € R® | v- w = 0 for all
This is done by writing the generators of W as the rows of a matrix and then finding
a basis for the null space of this matrix.

1

NullSp( (1) 1 (1) ) :NullSp( (1) ? _11 ) = span —1
1

—_

Thus,
W+ = span [1,—1,1]
Adjoining the basis for W= to bhe basis for W, gives us a basis for R?
B ={[1,1,0],[0,1,1],[1,—1,1]}

We'll now figure out the coordinate vector of v = [1,1, 1] with respect to the basis
B. The condition

v = c1by + by + c3by
amounts to solving the linear system

10 1 c1 1
11 -1 | =11
01 1 C3 1
which in turn can be solved using augmented matrices and row reduction
10 1|1 100 §
11 —-1]1 — 010 3
01 1|1 00 1|3

Thus,
v (;) LLO+20,1,1]+ (%) 1,-1,1

The sum of the first two vectors is the component vy, of v lying in W and the last
vector is the component v, of v lying in W+. Thus,

2 4 2
Vv = 15,55
33 3

1 11
V)= |=,—2,
713 33



