Lecture 17 : Dimension of a Subspace and the
Rank of a Matrix

Math 3013
Oklahoma State University

March 2, 2022

Agenda
» Recap: Subspaces and Bases
» Finding Bases for RowSp (A) , NullSp(A) , and ColSp(A)
» Dimensions of Subspaces
» The Rank and Nullity of a Matrix



Recap: Subspaces

Definition

A subset S of a vector space R” is a subspace if:
> veSand A eR = Me€eS
> vi,vo, €S — vit+weS

Two Basic Prototypes for Subspaces

(i) The span of a set of vectors:

S = span(vi,...,vk)
= {clvl—i—---—&—ckvk\c1,...,ck€R}

(ii) The solution set of a homogeneous linear system Ax =0



R
P Bases

Ab
asis f
or a
subs
pace S
is a
special set
of v
ector
s tha
t a“
OWS
one

“C !
MoreoordlnatiZe"
Sc precisel . S.

R the y, if B
n

to

.,by) is a basi
asis for a sub
ubs

pace

{by,...

e
» C such that

bers ¢
. + P
ckby

ique num

> f

or ev
er

yVvE S there

are u

n

v:
cby +-

M Ck C
an th
en
servi
e as coordi
inat
€s
e

(Th
e numbers c
1y -

vecto
rv wi
ithin S)

X

&
50
250
susss......éususs#
::._E.ss@é
SR e
s::?.sssz
333::
&5 s‘és_\..ésé.s
7K ._.s:s\ss\..
A ARIE
0 / I,
::: £ «.:s:
sls: U 3.:.2
G050 esss..séé sa....w:ef.:.
m%ﬁ.ﬂbﬂ%&m@n&%
.:.ss‘z:ss..ss.w....\..és %
%«%&%ﬁ
égﬁséssés % o, XD
222. sss\\ss
X 5
G %
éssssés:
..ss:s:
s:ssssés
ssés\sé
ssééés
&

()

0%

sb.,s

é@s\'\\ﬁ 7
o




Finding Bases for Subspaces: Case (i)

Suppose
W = span(wi,...,wg)
Then a basis for W can be found as follows:
> Form a matrix A using the vectors wy, ..., Wy as rows.
» Row reduce A to a Row Echelon Form A’
» The non-zero row vectors of the R.E.F. A’ will be a basis for
w

This was covered in the previous lecture.
However, I'll do examples of this procedure later in today's lecture.



Finding Bases for Subspaces: Case (ii)

Let A be an n X m matrix and let
W ={xeR™| Ax =0}
be the solution set of the corresponding homogeneous linear
system.
As I'll show in the next example:

Once we express the solution set W of Ax =0 as a
hyperplane, we simultaneously obtain a basis for V.



Example
Find a basis for the solution set of

X1 —Xo+X3+X4g =

X1 +Xo—X3+Xa =

1 -1 1 1|0
A10] = [1 1 -1 10}
+ row reduction
" 10 0 1(0|
[A \0] [ 01 -1 0l0 ] =R.REF.([A]0])
1
—X4 0 -1
X1 = —X4 N B 1 0
X2 = X3 = x= X3 - 1 X 0
X4 0 1

Note howx =0 < x3=0andx; =0



Example, Cont'd

Thus,
-1

O = = O
= O O

are linearly independent.

Since these two vectors are linearly independent and generate the
solution set, they form a basis for the solution set.



Bases for the Subspaces Attached to an n x m Matrix A

Let A be an n x m matrix. We have 3 associated subspaces

RowSp (A)
ColSp(A) = span of the column vectors of A
Null (A) = solution set of Ax =0

span of the row vectors of A

» To find a basis for RowSp(A), we simply row reduce A to a
R.E.F. A’ and then grab the non-zero rows of A’

» To find a basis for Null(A), we express the solutions of
Ax = 0 as a hyperplane and grab the constant vectors being
multiplied by the free parameters of the solution.

» To find a basis for ColSp(A), we can write the columns of A
as the rows of a matrix, which will be the transpose A? of A.
Then we row reduce A! to a row echelon form A" and grab
its non-zero rows, and convert back to column vectors



An alternative method for finding a basis for ColSp(A)

Theorem
If A is an n x m matrix, then a basis for ColSp(A) can obtained as

follows:
» Row reduce A to a Row Echelon Form A’
» Identify the columns of A’ that contain pivots
» grab the corresponding columns of A (the original matrix)



Finding bases for all 3 subspaces attached to a matrix A
by row reducing A to its R.R.E.F.

Suppose A” is the R.R.E.F. of an n x m matrix A:
» the nonzero rows of A” will be a basis for RowSp(A)
» the columns of A that correspond to the columns of A” that
contain pivots will be a basis for ColSp(A)

» Use the R.R.E.F. of A to express the solutions of Ax =0 as a
hyperplane, and then grab the constant vectors being

multiplied by the free variables. These vectors will be a basis
for Null(A)



Example

Find bases for the row space, the column space and the null space
of

101 2
A=|11 -1 0
210 2
We have
1 0 1 2
RREF(A) = |0 1 —2 -2
00 0 O
= basis for RowSp (A) = {[1,0,1,1] , [0,1,—-2,-2]}

1 0
= basis for ColSp (A) = 11,11
2 1



Example, Cont'd

From the R.R.E.F. of A we see that the solutions of Ax = 0, will
be of the form

= O N

will be a basis for Null (A)



Dimension of a Subspace

Here are some fundamental facts about subspaces and their bases.

Theorem
Every subspace except {0} has a basis.

Theorem
If W is a subspace, then every basis for W has the same number
of vectors.

These two theorems motivate the following definition of
dimension.

Definition

The dimension of a subspace W is the common number of
vectors in any basis for W.



Dimensions of Subspaces Attached to an n X m matrix A

dim (RowSp (A)) = # basis vectors for RowSp (A)
= 7 non-zero rows in a R.E.F. of A
= # pivots in a REE.F. of A

dim (ColSp (A)) = 7 basis vectors for ColSp (A)
= # pivotsin a R.E.F. of A

Thus,
dim (RowSp (A)) = dim (ColSp (A))



The Rank of a Matrix

Definition

Let A be an n X m matrix.

The common dimension of the subspaces RowSp (A) and
ColSp (A) is called the rank of A.

Note:
dim (RowSp (A))
Rank (A) = ¢ dim (ColSp (A))
#pivots in any R.E.F. of A



The Dimension of NullSp (A)

dim (Null (A)) = # basis vectors for NullSp (A)
= # free parameters in solution of Ax =0

= # columns without pivots in a R.E.F. of A

Nomenclature: The text and WebAssign refer to dim (Null (A))
as the nullity of A

Thus, one has

Nullity (A) = dim (NullSp (A))
= # columns without pivots in any R.E.F. of A



Theorem

Theorem
If A is a matrix, then

Rank (A) + dim (Null (A)) = # Columns of A

Proof: The rank of A is equal to the number of columns with
pivots in a row echelon form of A.

dim (Null (A)) is equal to the number of columns without pivots in
a R.E.F. of A. Thus, adding these two numbers,

Rank (A) + dim (Null (A)) = (# columns with pivots)
+ (#columns without pivots)

= # columns



