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Linear Transformations

Definition
A linear transformation is a function T : Rm → Rn such that

(i) λ ∈ R , v ∈ Rm ⇒ T (λv) = λT (v)

(ii) v1, v2 ∈ Rm ⇒ T (v1 + v2) = T (v1) + T (v2)



Linear Transformations and Matrices

Every n ×m matrix A defines a linear transformation
TA : Rm −→ Rn via

Rm 3 x 7→ TA (x) ≡ Ax ∈ Rn

The converse is also true:

Theorem
For every linear transformation T : Rm → Rn, there is a unique
matrix n ×m matrix AT , such that

T (x) = ATx

Showing this, however, is going to require a couple short
digressions.



Digression: A Matrix Multiplication Identity

Lemma

Suppose A is an m × n matrix and x =

 x1
...
xm

 is an m × 1

column vector.
Write Colj(A) for the j th column of A. Then

Ax = x1Col1(A) + x2Col2(A) + · · ·+ xmColm(A)

Note that this theorem tells us that Ax is always a vector in
ColSp (A), the column space of A.



Proof of the Lemma

Ax =

 a11 · · · a1m
...

. . .
...

an1 · · · anm


 x1

...
xm


=

 a11x1 + a12x2 + · · ·+ a1mxm
...

an1x1 + an2x2 + · · ·+ anmxm


= x1

 a11
...

an1

+ x2

 a12
...

an2

+ · · ·+ xm

 a1m
...

anm


= x1Col1 (A) + x2Col2 (A) + · · ·+ xmColm (A)



Digression 2: The Standard Basis for Rm

Recall the standard basis vectors for Rm.

e1 = [1, 0, 0, . . . , 0, 0]

e2 = [0, 1, 0, . . . , 0, 0]
...

em−1 = [0, 0, 0, . . . , 1, 0]

em = [0, 0, 0, . . . , 0, 1]

Let E = {e1, . . . em}. Note that

(i) Rm = span (e1, . . . , em)

(ii) the vectors in E are linearly independent

and so E is a basis for Rm.
We call E the standard basis for Rm. Just as with any basis for a
subspace, we can expand a vector x = [x1, . . . , xm] ∈ Rm, as a
linear combination of the standard basis vectors e1, . . . , em

x = x1e1 + x2e2 + · · ·+ xmem



Digression 2: The Standard Basis for Rm, Cont’d

What’s special about the standard basis is that the coordinate
vector of x with respect to the standard basis E , is the same list of
numbers as x itself :

Rm 3 x = [x1, . . . , xm]

= x1e1 + x2e2 + · · ·+ xmem

=⇒ xE = [x1, x2, . . . , xm]



Linear Transformations and Matrices - Theorem

Theorem
Let T : Rm → Rn be a linear transformation and let AT be the
n ×m matrix formed by using the vectors T (ei ) ∈ Rn

(i = 1, . . . ,m) as columns

AT =

 ↑ ↑ · · · ↑
T (e1) T (e2) · · · T (em)
↓ ↓ · · · ↓


Then

T (x) = ATx

where, on the right, we interpret x ∈ Rm as an m × 1 column
vector.



Proof of Theorem

We want to show that if

AT =

 ↑ ↑ ↑
T (e1) T (e2) · · · T (em)
↓ ↓ ↓


then

T (x) = ATx

We have

T (x) = T (x1e1 + · · ·+ xmem) (expansion of x w.r.t. E)

= T (x1e1) + · · ·+ T (xmem) (T preserves vector addition)

= x1T (e1) + · · ·+ xmT (em) (T preserves scalar mult.)

= x1Col1 (AT ) + · · ·+ xmColm (AT ) (definition of AT )

= ATx (by our matrix multiplication identity)



Example

Consider

T : R3 → R2 : [x1, x2, x3] 7−→ [x1 − x2, x2 + x3]

Let’s verify that this is a linear transformation

T (λx) = T (λ [x1, x2, x3])

= T ([λx1, λx2, λx3])

= [λx1 − λx2, λx2 + λx3]

= λ [x1 − x2, x2 + x3]

= λT ([x1, x2, x3])

= λT (x)

and so T is compatible with scalar multiplication.



Example: T : R3 → R2 : [x1, x2, x3] 7−→ [x1 − x2, x2 + x3] ,
Cont’d

Now let’s examine how T behaves w.r.t. vector addition:

T (x + y) = T ([x1, x2, x3] + [y1, y2, y3])

= T ([x1 + y1 , x2 + y2 , x3 + y3])

= [(x1 + y1)− (x2 + y2) , (x2 + y2) + (x3 + y3)]

= [(x1 − x2) + (y1 − y1) , (x2 + x3) + (y2 + y3)]

= [x1 − x2 , x2 + x3] + [y1 − y2 , y2 + y3]

= T (x) + T (y)

and so T is also compatible with vector addition.

Being compatible with both scalar multiplication and vector
addition, T is thus a linear transformation.



Example: T : R3 → R2 : [x1, x2, x3] 7−→ [x1 − x2, x2 + x3] ,
Cont’d

Constructing the corresponding matrix AT :
We have

T (e1) = T ([1, 0, 0]) = [1− 0, 0 + 0] = [1, 0]

T (e2) = T ([0, 1, 0]) = [0− 1, 1 + 0] = [−1, 1]

T (e3) = T ([0, 0, 1]) = [0− 0, 0 + 1] = [0, 1]

Thus,

AT =

 ↑ ↑ ↑
T (e1) T (e2) T (e3)
↓ ↓ ↓


=

[
1 −1 0
0 1 1

]



Example: T : R3 → R2 : [x1, x2, x3] 7−→ [x1 − x2, x2 + x3] ,
Cont’d

And so

ATx =

[
1 −1 0
0 1 1

] x1
x2
x3

 =

[
x1 − x2 + 0
0 + x2 + x3

]

which agrees with the value of T (x) component-by-component.



Upshot: Linear Transformations and Matrices

• Just as subspaces of a vector space Rm are a special class of
subsets of Rn; characterized by their behavior w.r.t. scalar
multiplication and vector addition,
linear transformations are a special class of functions
characterized by their behavior w.r.t. scalar multiplication and
vector addition,

• Because of the one-to-one correspondence

Linear Transf.T : Rm → Rn ←→ n ×m matrix A

questions about linear transformations can be addressed within the
calculational setting of n ×m matrices.



Subspaces Attached to a Linear Transformation
T : Rm → Rn

Recall that, given an n ×m matrix A, there are three associated
subspaces

RowSp (A) = span of the row vectors of A

ColSp (A) = span of the column vectors of A

Null (A) = solution set of Ax = 0

Given the close connection between matrices and linear
transformations, one should expect that there are also subspaces
attached to a linear transformation T : Rm → Rn.



The Range of a Linear Transformation

Definition
If f : A→ B is a function between two sets, the subset of B
defined by

Image (f ) = {b ∈ B | b = f (a) for some a ∈ A}

is called the image of the function f (in B).

In the special case of a linear transformation T : Rm → Rn, the
image of T is called the range of T :

Range (T ) = {y ∈ Rn | y = T (x) for some x ∈ Rm}



Lemma
If T : Rm → Rn is a linear transformation, then Range (T ) is a
subspace of Rn.

Proof. Range (T ) is already defined as a subset of Rn.

We have to show that Range (T ) is closed under both scalar
multiplication and vector addition.



Range(T ) : Closure Under Scalar Multiplication

Let y ∈ Range (T ) and let λ ∈ R.
We want to show that λy is always in Range (T ).
By definition, y = T (x) for some x ∈ Rm.

Now consider
T (λx) = λT (x) = λy

This shows that λy is in Range (T ); is the image of the point
λx ∈ Rm.
Thus, Range (T ) is closed under scalar multiplication.



Range(T ) : Closure Under Vector Addition

Let y1, y2 ∈ Range (T ).
Then, by definition, there exists vectors x1, x2 ∈ Rm such that

y1 = T (x1) and y2 = T (x2)

Now consider

T (x1 + x2) = T (x1) + T (x2) = y1 + y2

This shows that y1 + y2 ∈ Range (T ) since it is the image of
x1 + x2 by T .
Thus, Range (T ) is also closed under vector addition.



Conclusion of Proof

Since Range (T ) is a subset of Rn that is

(i) closed under scalar multiplication and

(ii) closed under vector addition

Range (T ) is a subspace of Rn.


