Math 3013
WebAssign Problems #6

1 1 =3
1. Consider A= | 0 2 1 |,  Find bases for RowSp(A), ColSp(A), and Null (A).
1 -1 —4

e We begin by row reducing A to R.R.E.F.
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A basis for RowSp (A) is given by the non-zero rows of any R.E.F. of A. Thus,

1
basis for RowSp (A) = { [170, —;] , [O, 1, 2] }

A basis for ColSp (A) is given by the columns of A that correspond to the columus of R.E.F. (A)
that have pivots. Our matrix in R.R.E.F. has pivots in its first two columns; so we can use columns

1and 2 of A:
1 1
basis for ColSp (A) = 01, 2
1 -1

A basis for Null (A) is given by the constant vectors that occur in the hyperplane form of the
solution to Ax = 0.

10 -1 10 —-%]0
R.RE.F.(A) = 01 3 = RREF(AlO)=|0 1 1 |0
0 0 O 0 0 010
xry — %333 =
= Tro + 5T3 =
0=0
SR
T2 = —35T3
= X = —%.233 = I3 —%
I3 1
Thus
7
2
basis for Null (A) = —1
1
11 0 1
2. Consider A= | 0 1 —1 1 |. Find bases for RowSp(A), ColSp(A), and Null (A).
01 -1 -1

e A quick row reduction calculation reveals

10
RREF(A)=|0 1 -1 0
00

[



From this R.R.E.F. we see (as in Problem 1)
basis for RowSp (A) ={[1,0,1,0] , [0,1,—1,0] , [0,0,0,1]}

(since all three rows of the R.R.E.F. are non-zero).

1 1 1
basis for ColSp (A) = o, 1], 1
0 1 -1
(since columns 1,2, and 4 of the R.R.E.F. contain pivots).
And
1 0 1 0]0
R.RE.F.([A]0]) = 01 -1 0|0
00 0 1]0
r1+23=0
= Tog — T3 =
T4 =
Tr1 — —X3
= T = I3
Ty = 0
—ZI3 -1
= x=| B |= !
- I3 =73 1
0 0
and so
-1
. 1
basis for Null (A) = 1
0
2 -4 0 2 1
3. Consider A=| —1 2 1 2 3 | . Find bases for RowSp(A), ColSp(A), and Null (A).
1 -2 1 4 4

e A quick row reduction calculation reveals

1 -2 0 1 é
RREF (A)=|0 0 1 3 £
0 0 0 0 0

Thus,

basis for RowSp (A) = { {1, -2,0,1, ;] , [O, 0,1,3, ﬂ }

(the two non-zero rows of R.R.E.F. (A)),

2 0
basis for ColSp (A) = -1 1, |1
1 1

(since columns 1 and 3 of R.R.E.F.(A) have pivots, we can use columns 1 and 3 of A as a basis
for ColSp (A)),



1 -2 01 é 0
R.REF([A|0]) = 0 0 13 510
0O 0 0 0 O0fO0
x1—2x2+x4+éx520
= $3+3x4+§3}520
0=0
N {x1:2x2—x4—7§m5
{E3:—3l‘4—§1‘5
2.132 — Tq — %1‘5 2 i [ -1 —%
Xro 1 0 0
= X = 73x47%z5 =29 | 0 | +x4| =3 | + 25 f%
T4 0 1 0
s 0 | | 0 1
and so -
2 -1 -3
1 0 0
basis for Null (A) = o, |-3],]|-%
0 1 0
0 0 | 1]
1 -1 0
4. Find a basis for the span of | —1 , 0 , and 1
0 1 -1

e We write the given vectors as the rows of a matrix A and row reduce to R.E.F.

1 -1 0 1 0 -1
A= -1 0 1 row reduction | 0 1 -1 | =RR.E.F. (A)
0o 1 -1 00 O
The two non-zero rows of R.R.E.F. (A) will provide a basis for the span of the original three vectors:
1 0
basis = 0 , 1
-1 -1

(Since the vectors were originally presented as column vectors, we present our basis vectors as
column vectors as well.)

1 1 0 2
5. Find a basis for thespanof | =1 | , | 2 | , | 1 | ,and | 1
1 0 1 2

o We write the given vectors as the rows of a matrix A and row reduce to R.E.F.

1 -1 1 1 0 0]
1 2 0 . 0 1
A= 0 1 1 | W reduction 0 0 = R.R.E.F.(A)
2 1 2 0 0 0|
We can use the three non-zero rows of R.R.E.F. (A) as

0
1
0
basis for the span of the original vectors:
0
0
1



(Since the vectors were originally presented as column vectors, we present our basis vectors as
column vectors as well.)

6. Consider A = { 1 (1) 11 } Find the rank and nullity (= dim(Nwull (A)) of A.

e We row reduce A to Row Echelon Form

1 0 -1 . 1 0 -1
[ 111 } row reduction [ 01 2 } =R.E.F.(A)
Since R.E.F.(A) has two pivots

Rank (A) =2
Since R.E.F.(A) has only one column without a pivot

Nullity (A) =1
1 1 =3

7.A=]10 2 1 |.Find the rank and nullity (= dim(Null (A)) of A.
1 -1 —4

o We row reduce A to Row Echelon Form

1 1 -3 10 -1
0 2 1 row reduction 01 3 = R.E.F.(A)
1 -1 —4 0 0 O

Since R.E.F.(A) has two pivots

Rank (A) =2
Since R.E.F.(A) has one column without a pivot

Nullity (A) =1

1 1 1
8. Counsider B = 2|, 0 andw = | 6 |. Show that w is in span(B) and find the coordinate
0 —1 2

vector wg of w with respect to the basis B.

e We want to express w as a linear combination of the vectors in B:

1 1 1
Cc1 2 + o 0 = 6
0 -1 2
The coordinate vector wp for w with respect to the basis B will then be wg = [¢1,c2]. Looking
at the above vector equation, component-by-component, we get
c1+co = 1
201 = 6
—Cy = 2

We readily see from these equations that

c1 = 3
Cy = —2
Thus,
1 1
w=3| 2 -2



Thus, the coordinate vector wp for w with respect to the basis B will be
Wp = [3, —2}



