Math 3013
WebAssign Problem Set #7

1. Let T : R? — R? be the matrix transformation corresponding to A = g ;1 ] Find Ta (u) and
1 3
Ta (v), where u = 9 and v = o |
[}
2 -1 1 0
me=ae= 35 ][] (0]
2 -1 8
no=[5 3 [ 5]-[1]
3 -1
2. Let T : R? — R? be the matrix transformation corresponding to A = | 1 2 |. Find Ta (u) and
1 4

Ta (v), where u = [

- 5]

N =

- |17 |[2]-];]
woe[1 7] (5)- ]

-y
3. Find the standard matrix of the linear transformation 7' : R? — R3 : T ({ v }) = [ T+ 2y ]
3xr — 4y

e We have

. 20 +y — 3z
e We have
) ) )
) ! )
_ 1 -1 1
o 2 1 =3

5LetTR2%R2T({x1}>[$1_m2]andSR2%R25<{yl ])[291 :|
Z2 Ty + X2 Y2 —¥2

(a) Calculate S o T : R? — R? and then Ago7 by direct substitution.
1



s([272])
- [0
202 ]

o

and so

T T
Agor = [ (SoT)([1,0)) (SoT)([0,1]) ]
a 1

- [2 3]

(b) Calculate Agor as AgAr.

e We have
. T 1 —1
Ar = | T([1,0)) T(0,1]) | =
B B ! ] [1 1]
7 T 2 0
As = | S(,0) S(o,1]) | = _
scdoy s | <[3 4]
and so

2 0 1 -1 2 -2
AS"TAsAT{o —1H1 1}[—1 —1]

6. Prove that the range of a linear transformation 7' : R™ — R"™ is column space of its matrix Arp.

e We have

Range(T) = {yeR™|y=T(x) for some x € R"}
ColSp(Ar) = span(Coly (Ar),...,Col, (AT))
To show that these two sets are equal, we show that (i) each element of Range (T') is an element of
ColSp (Ar) and that (ii) each element of ColSp (Ar) is an element of Range (T').

(i) Suppose y € Range (T). Then there exists x € R™ such that y = T'(x). Expand x with
respect to the standard basis of R™

y = T(x)
= T(zie1+ -+ xney)
= T(x1e1)+ -+ T (zpen)
= T (e1)+ - +x,T (en)
= x1Coly (Ap)+ -+ 2,Col, (A7)
€ span(Coly (Ar),...,Col, (Ay))
= ColSp(Ar)

(ii) Suppose y € ColSp (Ar). Then
vy =c1Coly (A1) + -+ ¢,Coly, (AT)



for some choice of coefficients ¢y, . .

y:

€

.,Cn. But then

caT (er) +- -+ cpT (en)
T (cre1)+ -+ T (cnen)
T(cie1+ -+ cpep)
Range (T')

Since Range (T') C ColSp (Ar) and ColSp (A1) C Range (T)
Range (T') = ColSp (Ar)



