LECTURE 13

The Topology of the Heals

1. Neighlaorhoods

We have already wsed the well-ordered property of the reals to quantify the notion of distanee: the distance
between two points @ and g on the real line is the albsolute value of their difference. However, in what follows
it is also wseful 1o speak of points being sufficiently close to cwe anciher, as measured by some parameter,
BAY £,
Dersrrioxn 1310 Lot x € B and {et £ = 0. A neighborhood (or coneighborhood] of 2 65 a scf of the
Serrame

Nizel={pelR||r=y| <=}
DEFrmrTon 15,2, Let o e B and let 2 = 0. A deleted neighborbomt of © 05 a sel of the form
Nizgisi={peR]||lz=w=<= |, yFEr]

DEFrmrTIoN 138, Let 8 be oo subsel of B, A pood 2 € B s swed fo Die o the interior of 5 of there caisis
a newphborfiood N of & such hat NV C 5.

I atler words, & point & is an intericr point if one can find a small open interval about = that completely
lies im the sot 5.

DErisirion 13,4, Let 5 be a sobsef of B, A poind ¢ € B w8 saed to lie on e boundary of 5 of for every
neightorhood N of 2, NN5 # o and NN {RESS) # 6,

In other words, a point & lies on the Boundary 500 every neighborhood N of » contains some points in S
and some points not in 5. Note that a boundary point of 5 does not necessarily bave to b2 oa point of 5.
NoTaTion 155, I 5 5 a subsct of B we shall denote the st of its interior points as ind(5) and the set of
its boundar points as brd{5),

ExampeLe 15.6, Consider the set S = (2, 8], The interior points of S are the real numbers strictly greater
ihan 2 and strctly less than 3. The boundary points of 5 are 2 and 3. Note that the boondary point 2
does nod lie i 5 while the boundary point 3 does lie in 5.

ExamprLE 13.7. Consider the set {1,2) U (2, 3). The boundary points are 1, 2, and 3.

2. Closed and COpen Seis

We have seen that a subset of B may contain all of its boundary points, soome of its boandary points, or
nane of its boundary poeints, The fimst and last cases ape of particalar importance amwd so we introdece the
following definitions,

Dermrrion LR, Led 5 C E. I the boundary of 5 05 contaned dn £ then we say that 5 i a closed subsel
af B, If the boundary of 5 15 contaaned n BSS fhen we say thal 5 is an open sabsel af B,

Althougl it may seem that the potions of open and closed are motwally exclusive; this is nod =o. For
cxample, the set B itself s both open amd closed, For B has oo boundary, so 1ts boondary sed s {}; and of
course {§ € 5 and {} C BEfS. Simalarly, the empty set {} has no boundary so it 15 both open and closed,
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Exampere 135 WS = {zy...., 2.} 15 a sct contaiming only a finite oumber of points of 2 then 5 s closed,
ToHeokEM 13,10, Let 5 be o silsed of B, Then

(1) & a5 opew of and only of 5 = ind[5)
(2} & a5 closed if and only f s complement BfS @5 apen,

THEOREM 13.11. The wnion of oy collection of open sels s an open el

Proaf. Let A be an arbitrary collection of open sets and let
s=1JA
Agd

ITr e 5, then x € A for somee A € A Sinee A s open, & 08 an interior point of A, That is 1o say, there
cxists some neighborhood & = Nz, ) such that ¥ Z A, But A C S.s0 N C 5, henoe o s an interior
point of 5. Since every point of £ € 5 18 an interior point, 5 is open.

CoroLLary 13120 The indeizechion of any eollecfion of closed sefs s ofosed,

Fracl. This Follows fronn the identity

[ R/A=R/ | | P‘.l."_el)
EAd

AEA
and Statement (2) of Theorem 13.9,
THEOREM 13.13. The inlerszection of any finde collection of open sels 15 an apen sel.

Froefl. Let Ay, ..., AL be a Anite collection of open sets and et

T = [:] A;
i=1

IFT = @ then we are done (the empty set 35 open), If T 2 @, then let 2 be any element of T, Since x lies in
ihe intersection of the open seta Ay it must be a member of each of them. Sinee each of the sets A; = open,
« must be an interior point of each of these sets. So within each of these sets A there is a neighborhodd
Ny = N [z, 50) completely contained in A;. Noting that

g<e = Nire)C Nx, )
wie see that i we set
Emin = Min{&1,... ,Ea}
then
rEN(F fmn) T T
Thus, x 15 an interior point of T amd hence T i open.,
CoroLLary 1314, The wnren of aoi fiedte collection of closed sefs is olosed,

Fracl. This Follows fronn the identity

U ERra=8/( [ F.,f,t)
£

A
and Statement (2) of Theorem 13.9,
Exampere U305, For each 5 € F aed
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Then each A, 18 an cpen st but
[ A= {0}
(15

which ks closod.

3o Accuwmulation Points

DEFrmrTIoN LG, Lef S5 be o subset af B A oot € B a5 an accumalation point of 5 0f cvery defeted
neaghilorhond of & contais a pernd e 5.

EXaMPLE 13.17. Let 5 = {%—%é—% - %—% N I- Then i iz a accumulation point of 5, but 0 5.
ReEmark 1318, The notion of an accurmulation point is very close to that of a boundary point, exeept that
it i= a bit more specific. For example, in the preceding example, the boundary points of 5 are all the points
:I:%.:I:—!!P. oo ms owell as 00 However, [ s the only accuomulation point, And even if we incheded 0 0 5 it

winild be an accumulaton point.,

DEFIKITION 1319, The elosure of a sulbsed 5 aof B s the wmion of 5 and the set of ofl i gecunalation
points. W derote the closure of @ suliset 5 af B by of{5),

Here i= a anoiher characterization of the closure of a et 5.

Prorosimion LEED. A pedad & € B is an the closure of o subsel 5O B of ond only of every neaghitorhood of
& anfersecis 5

Fraaf,
= Buppose x € of (5], Then either 2 € 5 or 218 an acewmulation point of 5,
If . € &, then for all £ = 0, {2} C N(z,2); hence Mz, 51N 5 £ {1,

If # € &, then by definition every neighborhood of 2 must contain elements of 5 and so again Nz, g) NS #

{1

= Buppose that for all £ = 0, Nz, r)ns £ {]. If 2 € 5, then certainly x € /(5] and we're done, If x ¢ 5,
Then we are assured that N (z,2)1 5 # {x] and so removing the point 2 from Nz, g} does not affect the
hypotlesis that its intersection with S is nonempdy. Hence, every deleted neighborbood of & will contain a
point of 5, =50 € 5 C ol (5],

THEokEM 13,21, Let 5 be o silsed of B, Then

(a) & a5 closed of ond onfy of if contains all of its acowmalation peints,
(k) The closwie af 5 a5 a closed sel.
(c] 5 is closed if and only if 8 = ol(5),

Fraaf,

(a) = Buppose that 5 is closed and let xois an an accumlation point of 5. We must show z € 5, If o f 5,
then o s in the open set BAS, Thos there exists o neighborhood & of & that hes completely m Y5, Buot
then N 713 = {1, =0 2 can not be an accomomation point if = § 5,

= Suppose 5 contains all of s accumulation points. Let 2 € EAVS, I ¢ s not an accumulation poing of
5, then there exists o deleted neighborhood N (2, g)such that N [z 0} & = {]. Sinee 2 @ 5, the whols
neighborhood A (e, 0) = N {x, 2] U {x]} is outside of 5, Thes, if § contains all of its acoumulation points,
EhS = apen in B Sinee 5 s then the complement of an open set, 5 must be closed,
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(b] By part (a) it suffices to show that the closure of 5 contains all of its acocumulation points, Thus suppose
& iz an accumolation point of 5. Then every deleted peighborhood of o intersects of (5], We must show
that &= {r. ] intersects 5, To this end, let w & N=(x. 2] Nel{5), Since N [(r.c) is an open set there exists
a neighborhood Wi 4] contained in & (x, ). But g € (5} s0 every neighborhood of & intersects 5, That
is there exists a point : € Ny, 4) N5, But then z € N (9, 8) C N (2, £}, s0 z is an accumulation point of
5 and x € olf 5],

(c) = Suppose 5 is closed but 5 2 ol[5) = 51U 5, where 57 g the set of acoumulation points of 5, Hence
there must be an accumulation & point of 5 that does wot lie in 5. But this contradicts statement (a)
proven ahove, Henee if 5 is closed then 5 = of (5],

= Suppose 5 = of(F], Let g be an arbitrary clement of FEAS, Then i neither in 5 or an accomulation
point of 5, Henee it is to find & neighborhood & (g, £} that lies completely in BAS, Henee, BV is open. 5o
S s closed.

The definitices of an aceamulation point is very close that of a boundary point, however the fwo concepts
are o the same, To see this, we note:

ProrosiTion LE22, {fr € &d(S) and = ¢ 57 (the sel of aconmudation poemis of 1 fhen x € 5,

Frocf . Suppose the hypothesia s troe, then since # = not an accamolation there muost exist a deleted
neighborhood & [x,c} that does not contain any element of 5, But since x is also a boundary point of 5,
every neighborhood of @ must contain af least one point in 5, in particular the neighborhood N {x, 2} =
Nz, 2 U {x]. Since no point of N* (e, £) lies in 5, we can conclude » 2 5,

We thus arrive at the following prctwes of an arbitrary subset 5 of the real Line,

E s the digjoint union of the following three sets:

(1} int[S): the interior points of 5
() d( S): the boundary points of 5
[#) ezt(S]) : the exterior point of 5, BEJ5 = bd[ )

The exterior points of 5 are never accumulation points, The interior points of 5 are always aceumulation
points, The boundary points of 5 may or may not e accumulation points, 15 & boundary poiot s an
arcumulation point, then there are infinitely many elements of 5 that are arbitrarily close to il 1§ boundary
point is not an an sccumulation poiot, then, by virtue of the preceding proposition, it mest be an element

of 5. We think of such points as the sefafed (houndary! possts of 5,



