LECTURE 14

Compact Sets

DEFINITION 14,1, A epen covering of a sof § 5 a (pessibly infinite ) famdy F of apen suhsets of 5 such

strech thal
scl|jr
TEF

DEFisrrios 4.2, A st 5 s sand fo be eomnpact of eoery opea coverang of 5 confoms a finale sabvouer,

EXaMPLE 143, Foreach n € 1, let 7, = {1,3) and set F = {7, |n € H]}. Let z € 5 = (0,2). By the
Archimedian property of B, there exists an n € [ such that 1 < ﬁ < x, Thus, every = € 5 belongs to some
o, Sinee the T3, are all open sets and every point of S lies in scme T, F i an open cover of 5.

Mow let Fy = {Ts,, Thse oo T3, ] be a fimde suboolleciion of F, IE 15 casy o show that F| cannot be an
open cover of 50 To see this, set

mo= max {ny, na, ..., M

Then T € F) and because
it 1
n<m = [—.4)C§|—.43
il m

We aee that

r

T = | ) T,

i=1
But Ty, # 5. For il & > m, Lhen

Les
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Henee, 5 = (1, 2] is not compact. (there exists an open cover of 5 such that there exists no finite suboover),
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EXAMPLE 14.4. Suppose we modify the preceding example by setting 8° = [0, 2), and ¥ = {f,'. =(-1 J]}

Then, every individual T, is an open cover of 5°. However, this does not mean that § is compact, For 5
to be compact every open cover of 5 muost have a finite subcover. 1E s casy to =ee that the Famly of open
subsets F' = T, = (=1,2 = 1]} also covers 5, but, in a manner similar to that of the preceding example,
one cannob find a finite suboover of X' that covers 5. 50 5 s not compact,

Examrere 14.5. Fmally, et vz set 5 = [0, 2], The famiys F and F now fail fo cover 55 for
ng [T
TEF
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Indeed, 1t furms out that thers are no coverings 57 that provide counterexamples to the compactness
condition (This will be seen to be a consequence of the Heine-Borel theorem, stated below),
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By now you might have guessed chat compact sets should Be something akin to closed subsets of B However,
remember that B itself is a closed subset of itself (since it contains its boundary, which is the empty sot),
But clearly B ocan not be compact (consider the open cover & = {{ =, 0]} and why it cannot. possess o finite
suhoover), It will furn out that the correct characterization of compact subsets of B s that they are closed
aubsets of [ that are alao boumded.

Lemua 1406, If 5 s a closed bownded subsed of B, Hen 5 fas a menimoad element ond 5 has @ marioml
clement.

Frogf, Sinee 5 iz bounded from above, m = supl ) exists, I m ¢ 5, then for each ¢ = 0 there exists an
z € 5 such that m — =« x < m. Thus, every deleted neighborhood 8z, 2] will contain a clement of 5; so
s s an accumulation point of 5. But sinee S s closed, 5 contains all of its accumalation points, Henee,
m = sup(S] € 5, oo is the maximum of 5. A similar argument shows that infi5) € 5, =0 that 5 also
POSSESAEE A DTN,

Toeorem 14.7 (Heine-Borel), A swbset 5 af B is compact of and onfy if 5 @5 clesed and bounded,

Froof, (sec text),

ToEorEM 148 [Bolzano-Weicrstrass), If 5 is subscl 5 of B that s bounded and contains anfinitely mamy
perinds, e Hecie exisfs af least one peind s B What o an accminwlafion ot of 5.

FProgf. Let 5 be a bounded subset of B containing infinitely many points. Suppose 5 has oo accumulation
points, Then 5 is closed by Theorem 15.17(a). So by the Heine-Borel theorem 5 is compact, Sinee 5 has
no accumulation points, given any @ € 5, there exists o neighborhood Nz, o) such that S0 Nz 0) = {2},
The family

F={Nirc)|xe 5}

is evidently an open cover of 5. (Here, for each & € 5, an ¢ is chosen g0 that N {z, ) M& = {x]). Sinee 5
15 compact, F has a finite subeover; that s to say, there exists points &, ro, .., 0y € 5 auch that

F =Nz, 51}, N(es,50),... . Nitg.en)}

15 an open cover of 5. But now

S=48nN (lij N l[.r.-,.s,-:l) = {1, T30 u T}

1=1
15 finie, This contradicts the hypothesia that 5 has infinitely many points,  Heonce, S must have an
arcumulatkon point.
ToEorEM 145, fcf F = {A, o € A} be a femly of compact subscls of B, Suppese Beal the melersechion
of wiy faete sulfomdy 3 pon-cmply. Then

M Ka #1
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Frocfl.  To prove the theorem, it suffices to show that there are points that lie in every member &, of the
family F.  Suppose we have a member &y of F sech that ne peint of K belongs to every Koo (IF we
can oot find such a Ky, then every subset K, will contain points that belong to every other &, and the
conclusion will follow. ] Then every point of & will belong to some E5\K, and so the sets o € A will

form an open cover of K. Since K is compact, there exist finitely many indices oy, ... L a, such that
KoC| ) Fa = | BA\KL, =B (ﬂ h‘a,)
i=1 i=1 i=1

Thus, Ky lives in the complement :rfnln=1 o, and so

(I=HKn (["1 n'..,) = Ky Koy Moo K,

=1



14, COMPACT SETS 44

But, by hypothesis the intersection of any finite subeollection of the sets K, 18 non-empty, Thus, same
point in & beloogs to each K, amd so

[ Ka #11
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CoRoLLARY 14,10 (Mested Intervals Theorem), Lot F = {Aq & H} be o family af closed bourded infer-
eurls dfn B sweh Wal Aygq © Ay for ol v 2 . Then

[ 4a #1}

rag M
FProcf. Given 0y < s < -~ < fag in [, we have
&
A= du, £ 0)
i=1

Thus, the hypotheses of the preceding theorem are satisfied and so

M A # )

mEMN



