LECTIURE 16

Limit Theorems for Sequences

THEOREM 16,1, Suppase thal (5,) ond (£, ) are comeengent sequences with lims, = 5 and lim?, =1, Then

(1) fimfs, + ) =541

(2) hmlks,) = ks for all k € B,
(G) femfs,f,) = sf
(4) limis, i) = s/t provded that b, £ 0 for ol n and £ £ 0,

Fraaf,
(a) Te show that lim (s, + 6 ) = 5 + & we necd to demonstrate that we can foree (£, 4+ £;) = (5 4 £} o be
as amall as we like by cloosing i to be sufficiently large. By the Triangle Inequality we have
[(5n 4 ta) = {58+ 8)| = (80 = 8) + (fa = £)] < |50 = 5] + [ta =]
Mowr let £ = 0, Since (s, ) is convergent, there exists a number %) such that
|[#: = &] = % far all n = N,

Similarly, since (£, is convergent there exists a number Ve such that
[ta = #] = % for all n = Ny
Mo — 1] < ﬁj foralln > N

and
Tor all 0 = N

k2l m

Set N = max { ¥, Na] =0 that
[|.5.. =g =

[(# 4 dn) = (54 E)] < |50 = 8]+ [ba = 4] < £

Sor the sequence (5, 4 f,) converges to s 41,
for all m > N .

ks, = ks| < ¢

N g Fauch that
Simee (5, ) converges, we know that for any ¢ = 0 there is an A7 € [1 such that
|&n — 8| = ¢ for alln = N’

In particular, we can choose o = I‘TI and find an N° zuch that
‘
&g — 8] = — for alln = N*
||

Multiplying both sides of the mequality on the left by the positive momber [&] we get
k] |50 = 8] = |ksy = ks < ¢
for all m > N .

s il1 =g W g e SERLETENT wWee e
So seiting N = N we get the statement e
ks, = ks| < ¢

46

O

We now have
(b] We assume & 2 0 since the result s trivial for & = 0, We need to show that for any « > 0 there &5 an
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a7

() Since every convergent sequence is bounded, there exists an My € B such that |5, < My for all noe [

Set M = max { M, 1]}, We then have

[$akn = 5t| = |Safn = 8ul =+ suf = 8l]| < |sala = Sab| + |55 = 58| < M la =8| + M |55 = 5]

St = st € M o = t] + M |50 = 3|

Now bet = > 0, Sinee (s,) and {t,} are convergent sequences, there exist numbers Ny and ¥z such that

=

M

[~
- ——  faorall ¢ A
o = ol < 57 St

[fa =¥ = for all o = N
Let % = max { ¥y, Nz}, Then we have for all n = &

|satn = st] < M jt, = 8]+ M |5, — 5| < M [::’.fjlf) + M {ﬁ} -

S lim I:_-Fﬂ'!r:l:l = =f,

O

(d] Since s,y = 5, # (18], it suffices from Pare () to show that m{1/,) = 1/t Let £ 2 00 We need

io show that by choosing n € H sufficiently large that we can force
1

— =t ==
1-|I |

Now
1 1

i, {

£ — 1y
i,

To get o lower bound on how small the denominator might be we note that sinee () converges there exists

a number N such that

It]

me Ny = = o

2
Thus, for n = N, we have
I !
ol = 1= (=201 2 0] 4+ 1 = o] > o] = 2] = 2
Thus, we have
1 1 1 2

— o = —7
lat] — WKl " BIE] T B

As for the numerator, there must exist an Ny € [ such that

L
i

i 1 It - AL
= [lf—l’m”m L (?_) (W) =g

n>Ny = |a=id<
And so for n = Ny and & = N we'll have
1 1 | il |f —in

AT it 20

and =0 lim [ 1/8,) = 14,

O

We can strengthen the statements of the theorems presented in the text by relaxing the hypotheses about
something being troe for all s o the requirement that they are troe for sufficiently large o, To make this

idea precise, we'll utilize che following definition,

DEFINITION 16.2. We l say thad a properfy of @ sequence (5,) folds for all sufficiently large m of there

exasls an indeger Ny € I such thal the property s tewe ahenever n > Ny

TrHEoREM 165, Suppose that (£,) and (£.) are convergent sequences with lims, = 5 ond limt, = ¢, {f

&g = by for all safficiently large 0 then s < 1.
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Frocf. Suppose & =1 then

Thus there exizts an N; & F soel cthat

=N = s—c<sg<atE
Simuilarly, there exists an Ny € [ such that

n»Ny = -y <t+e

Let & = miax { ¥a, Wy, Ne}. Then we have simuliancously for all n > &

i E l:ﬁ
s+ 1
In = I+e= 3
LH = & E o &
2 - = r
Howewer, the last two inegualities imply that © < &, which contradicts the fimst inequality, and soowe muost
have & < 1. |

CoRoLLARY 164 [f (5,) converges fo s aond 5, = 0, and 5, = 0 for all sefficientfy large n, e 5 2 0,
CoRoLLary 16.5 [Squeese Theorem), {f (0, ) ond (o) are coneenpend sequences such thaf

limay =a , limeg=a0a
anad (b)) 15 @ sequenioe sucl thal for all sufficiently farge n
iy < by < e
then
limby, =
Lemua 160G, Suppose © a5 a pumber such that 0 < e <0 1 Then

limice®) =10

Frocf. We nead to show that for any ¢ = ) there exists a natural number N such that

(16.1) n>N = "=|"=0<¢
Mow if 0 < ¢ < 1 then there exists a g > 0 such that
1
i
f= ]

1 1 L 1

= = — o
{]'I'.l.l']'" L ng - nygt=l 4 g0 ny+|:_1-|....+,,yn—l+ﬂn} ny

Mow, by the Archimedian Property of the realz we can make nia az small as we like by choosing » to be
sufficiently large. Indeed, so long as L < ye we'll have

(e n—ly < E
and =0 (16.1) is true for N = 1/(w) = 755 |
CoORGLLARY 16.7. Suppoesc |o| < 1 and M is any fived real nomber, Then

limi{Mc®) =10
THEOREM 16,8, Suppase thal (5, @5 a sequence of posifioe forms and thal

L= lim {5041/ 54 )
exaabs, Then of L < | fhen ima, = 10,
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Froof, Assume L < 1. by a corollary above we have also (since cach term 5,40 /5, > 0), and there exists a
resal puwmber ¢ osweh that £ < e < 1. Let ¢ = ¢ — L a0 that = = [, Then there exisiz a natural number N
sueh that

Hptl
Bn

ne N =

—L|{E

but then for n = &

& & A A
L R e Y S e L Y PP I [ il R S PR R P A P |
‘E-FI ‘gll arl L]
It follows cthat for all 0 = &
Sl Y
=0
Fygl % CEN
= Awgs € oingy < Cay
= ENps < CENpE T e
= Epak < CENpE—] ﬂ"'"SI-.'
Let
Ea
J1-f= {'-‘I
Then

0= s < "M
for all 0 = N. By the preceding corollary amd the Squeeze Theorem we can conclude

limag, =10

1, Infimite Limits

Consider the following two sequences

£y = sin(n]

fn o= (31
O course, neither of these sequences converges, but each has a nice property. The fimst is a bounded
sequence since every terin has absolute value < 1. Yet, thi= sequence behaves very ercatically, its terma
taking values all over ihe interval between — 1 amd 1. The second sequence = unbounded, but &t least there
s a consistent behavior for successive terms; each term s larger than the preceding term, and scmewhat

like tlhe Archimedian Property of the Reals, for any £ € B we can always find an n € H auch that &, = .
Thi= section deals with formalizing properties of wnbounded sequences,

DEFINITION 168, A sequence (8,) o5 said bo diverge fo 400 if for every M € B there cxusfs on m € M
atrch that

n>=N = &>
Stmilerly, o sequence (5, 65 soid fo diverge to =00 §f for every MO B there exists on nog T such thad

n>=N = & <M
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Morarion 16,10, If & sequence (5, ) diverges to oo we shall write
limsg = +m0

and if a sequence (s, ) diverges to —oc we shall write
limsg = —m0

THEoREM 16.11, Suppase Hat (5,) and (1) are sequences such thal s, < 4, for all n sufficiently longe,
TTeen

(1) iflims, = 20, then limi, = 400,
(2) Iflimé, = =oo, then lims, = =oo,
THEoREM 16,12, Lef (5] be @ sequence of positive nembers, Then

1
limsg = +o0 < Iim(—) =1
8

Fraaf,

= Suppose that lims, = 4o, Given £ = 0, let W = 12, Sinee (8,) diverges to o0, there exists an
MNoE Haach that

n>=N = & =M

But this means
1 i 1

" i — == — — =E
- = | 3'”{11"1'

lim (&) =

<= This is left as an exercise,



