LECTURE L7

Mounotone Sequences and Cauchy Sequences

DEFINITION 17.1. A sequence (5,) af real numbers o5 increasing f 5,41 > 5, for all n € ¥, and s

decrensing of 5,50 = 5 for all n € T I a sequence s mponetone of o s cilher mereasing or decreasing,

Toeorem 172 (Monotone Convergenee Theorem), A monefone sequence s convergend o and onafy of o @5
b nedted,

Fraaf,

== We have already proved (Theorsm 16,05 in the text) that every convergent sequence is bounded, So, in
particular, if {5, } 8 8 convergent monotone sequence then it is bounded,

= Bupposs (£, ) s a bounded increasing sequence, By the Completeness. Axiom the set
5 ={s1,82,5%,...]

must have o least upper bound since it is bounded, Let 5 = sup (5), We claim lims, = 5. To prove this
we simply note that given any ¢ = 0, & — 2 iz oot ao wpper boumd for 5. Therefore, there existz an & such
that sy = 5 = £, Furthermore, sinee {5,] 15 increasing s, 2 sy for all 0= &, Henoe,

>N = §=c<8;, = |fa=8<e
and =0 (5, ) converges to s,
The case when (5, ] 15 a decreasing monotone sequence is similar, O

THEOREM 175, Suppase (£, ) @5 a wnbewnded monsfone sequence,

+00,
=g,

(1) If (5a) s encreasing then lims,
(2) If (5.) s decreasing then lim s,

Fraaf,

[a) Let (5] be an increasing sequence and that 5 = {s1,81,...] is unhounded, Sinee (5, is increasing 5
will be bounded from below by &, 50 5 must be unbounded from above, Thus, given any M € [E, there
exists an N & [ such that sx > M. But since [5,) is increasing we also have

n= W =r &q 2 oy =r By o= Af.
Sea, by definition, lim s, = +o.
The proof of (b) is similar, O

DEristrios 1740 A sequence of ool aumbers 18 sand fo e o Couchy seguence of for coeig £ = 0 there
coists a number N suck thal m,n > N oomplics Shat |5, = s,] < £,

Lemua 1705 Eeery convergend sequence o Coveliy seguence,

ol



17. MONOTONE SEQUENCES AND CAUCHY SEQUENMNCES ol

Frogf, Suppose that {5, ] converges too s, To show that, for sufficiently large m and n, 55 is close to s, we
u=e the fact that they are both close to s, From the Triangle Ineqguality we have

|80 = Baa] = It = & = (5 = 8} = |50 = 5] + |8 = 5|

Mow fix £ = (), Since (5,) converges to & there exists an N such that
k>N = |s—s -‘:.%
This then implies that

= £
nom>N = |-3‘||_ﬁmlflﬂﬁ—-ﬁl‘l'l-"m—-!‘lﬂ%'k;z{f

g0 the sequence {5, ) i8 a Canchy sequence,
Lemua 1706, Eeery Caucly sequence 8 bounded,

Frogf, (Homework problem)

Tueorem 17.7 (Cawchy Convergence Threorem), A sequences af real mumbers o5 convenpent i ond ondy of
at v Cauchy segivence,

FProgl We have already seen that every convergent sequence is a Cauchy sequence. We shall now prove the
converse, Lhat every Cauchy sequence converges,

Let (8, ) be o Cauchy sequence and suppose 5 = {#1, 85, ...} is the set of its values (withont duplication),
W consider two cases:

o Suppose 508 finite, Let
& = min {|s; = 54| | 5:.85 € 5},

the minimal distance between distinct members of 5, Note that 4 = 0, Sinee (=, ) is Caochy, there
exista a N £ 1 aoch that

o N = |5y =8 o d

Bt this cannot happen unless s, = &5 since the minimal distanee between distinet s, awd &5 18
d. Thus,

mna> N = &5 = fn = 5541

and g0 the sequence (£, ) most converge bo sy41.
® Suppose 5 s ionfinite. From the preceding lemma we know that 5 is bounded. The Bolzano-
Weberstrass Theorem then tells us that 5 must have an aceumulation point, Let s be socl an
accumulation point, We claim that (5, ) converges to s,
Let £ 2= 0. Sinee {s,) s Cauchy, there exists an N such that

mom=N = s = Sg| < é
Sinee £ 15 an accumulation poiot, the weighborhood
Nis,efd)=(5=efd,54+efT)

cantaing infinitely many pointa of 5. Thus, in particular there must exist an om > N such that
Sm € N(s,2/2). Hence for any n > N we have

o =€

[S=J ]
k|

|#n = 8| = |8s = 8m F S = 5| < |55 = S| F |Fm = 5] <
Henee,

lim (s.) = #.



