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ABSTRACT: Let G be the real points of a connected linear reductive complex algebraic group defined
over R and let @adm, » be the set of equivalences classes of irreducible admissible representations of G of
infinitesimal character A\, which we assume to be regular and integral. The Atlas software enumerates the
representations in @adm, », and computes the Kazhdan-Lusztig-Vogan polynomials P, , (¢) which not only
prescribe the Jordan-Holder decomposition of standard modules in terms of the irreducibles in G \,adm, but
can also be used to endow the set éadm A with the structure of a W-graph, a certain weighted directed
graph. The strongly connected components of this W-graph are HC-cells. In this talk I will describe how
the induced W-graph structure of an HC-cell C allows one to compute the (common) associated variety of
the annihilators of the representations in C, and in fact, to determine when two representations z,y € C
share the same annihilator.

1. SETUP

Let G be the real points of a connected linear reductive complex algebraic group G defined over R. We fix
a Cartan involution 6 of G and let K = G be the corresponding maximal compact subgroup. 6 extends to
holomorphic involution of G and we set K = G?.

Let CA}’adm denote the set of (equivalence classes of) irreducible admissible representations of G and let HC
denote the corresponding set of irreducible Harish-Chandra modules - obtained by sending an irreducible
admissible representation x € éadm to its space V. of smooth K-finite vectors and then regarding the latter
as an irreducible (g, K')-module.

In this talk we shall be concerned with explicitly attaching certain algebraic invariants to the representations
in Gadmo

The most basic of these algebraic invariants is the infinitesimal character of a representation. By Schur’s
Lemmma, elements of the center Z (g) of the universal enveloping algebra U (g) act by scalars on any
particular V,, and these scalars are in turn prescribed by a certain Harish-Chandra homomorphism ¢,
which is, in turn, prescribed by a certain element of A\, € h*/W; b being a Cartan subalgebra of g and W
being the Weyl group of g. The element A, is called the infinitesimal character of x and one has

Gadm = H Gadm,)\
AEH* /W

@adm, A being the set of irreducible admissible representations with infinitesimal character A\. Each C:‘adm, A
is a finite set.

When A is regular and integral (meaning (A, &) € Z~( for any simple coroot ¢), the Atlas software can

enumerate the irreducible representations in éadm a- In fact, the Atlas software endows the set @adm, A

(X again regular and integral) with a certain graph structure. The main point of this talk is to show how

this graph structure can in turn be used to explicitly attach nilpotent orbits and primitive ideals to the
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admissible representations in (Aladmy a- I should perhaps point out that it what follows it is most helpful

to think of the representations in éadw A (as well as the corresponding Harish-Chandra modules HC) as
having been explicitly enumerated 0,1,2, ..., n (which is in fact exactly how the Atlas software enumurates

GadnL,)\ .

2. BLOCKS AND CELLS

Henceforth, we fix A to be a regular infinitesimal character. As we have remarked above, the Atlas software
can enumerate the irreducible admissible representations with infinitesimal character . In fact, the software
does a lot more than simply count representations, it also endows the set @adm’ A with a certain directed,
weighted, graph structure.

The way in which Atlas actually enumerates the representations in éadm, » is described in detail in [Adams-
du Cloux]. For our purposes here, we do not need to understand the connection between Atlas’s enumeration
and more conventional Langland’s parameters; however, it is somewhat helpful to have a grasp of the basic
combinatorial data that goes into the Atlas enumeration. As described in Adams-du Cloux, a (translation
family of) irreducible admissible representation is corresponds to a certain pair (z,y) where x is a K-orbit
in G/B and y is a KY-orbit in GY/BY; here B is a Borel subgroup of G, GY is the dual group of G, BY a
Borel subgroup of GV, and KV is the complexification of a real form of a maximal compact subgroup KV
of a real form GV of GV.

The Atlas software enumerates the admissible representations in Gggm,» by first enumerating the K-orbits
in G/B and then for each real form GV of the dual group GY enumerating the KY—orbits in GY/BY and
checking a certain compatibility conditions. The collection of irreducible admissible representations arise in
this fashion from a particular real form on the dual side constitute what is called a block of representations,
and one has

Gadmr ~ H {(z,y) |z e K\G/B , yeK'\GY/BY , =,y compatible}

dual real forms GYV

We remark that in a similar fashion, the irreducible admissible representations of a real form G of GV,
can be broken up into blocks corresponding to various real forms of G. In fact, Vogan duality tells us
that if (z,y), z € K\G/B, y € KY\GY/B" corresponds to an admissible representation of G, then (y,x)
corresponds to an admissible representation of the real form GV of G corresponding to KY. At any rate,
in the Atlas world, irreducible admissible representations come in blocks corresponding to pairs (G, GV).

Example 2.1. Let G be the simply connected complex linear group with Lie algebra Fg. We note that G is
self-dual and has three real forms: the compact real form eg, the quaterionic real form FEg (e7 + su (2)) and
the split real form Eg (R). Below is a table showing the number of irreducible admissible representations
(at regular infinitesimal character \) in each block of G

| es Es(er +su(2)) FEs(R)

(£ 0 0 1
Eg(er+su(2) | 0 3150 73410
Es(R) | 1 73410 453060

The total number of irreducible admissible representations of Fg (R) with infinitesimal character A is thus
14 73410 + 453060 = 526471

Similarly, at any fixed regular integral infinitesimal character A, there are 3250 473410 = 76 660 irreducible
admissible representations of the quaterionic real form.

Each block of representation can in turn be partitioned into smaller subsets called cells. We describe in a
minute how Atlas does this; but we’ll start with a purely formal definition.



Definition 2.2. Given two irreducible Harish-Chandra modules x,y in HCy, we shall say that © ~ y if
there exists an irreducible finite-dimensional representation F' of G such that F occurs in the tensor algebra
of g and x occurs as a subquotient of y @ F. We say that

T~y

if x ~y and y ~ x. The equivalence classes for the relation ~ are called cells of Harish-Chandra modules,
or HC-cells.

Alternatively, one can define HC-cells by putting a certain graph structure on the set HC).

Definition 2.3. Given x,y € HCy, we say that there is a (directed) edge v — y from x to y whenever x
occurs as a subquotient of y ® g.

It is easy to see that the transitive closure of “—" replicates the relation “~~” of Definition (??) and that the
strongly connected components (that is the bidirectionally connected ) of the graph with vertices x € HC)
and edges © — y as defined above coincide with the HC-cells of HC ). It also turns out that each connected
component of this graph coincides with a particular block of representations. The Atlas software computes
this graphical structure, block by block (connected component by connected component) essentially as a
by-product its computation of the Kazhdan-Lusztig-Vogan (KLV-) polynomials for the various real forms
of G.

In fact, the Atlas software endows the set HC, with an even more elaborate graphical structure.

Definition 2.4. Let B be a block of irr HC modules of inf char .

The W -graph of B is the weighted digraph where:

o the vertices are the elements x € B
e there is an edge x — y of multiplicity m between two vertices if

coefficient of q(l‘q“"*“”lfl)/2 in Pyy(q) =m#0

o there is assigned to each vertex x a subset T (x) of the set of simple roots of g, the descent set of
x.

Remark 2.5. This W-graph structure, although computed via KLV polynomials, is in fact a significant en-
hancement of the graph structure we defined before in purely representation theoreticl terms. In particular,

e The multiplicity of an edge x — y coincides with the multiplicity with which the representation x
occurs in y ® g.
e The descent set of a vertex = coincides with the tau invariant of the annihilator of z in U(g).

Example 2.6. Let G2(R) be the split real form of the simply connected complex group with Lie algebra
Go. Gy is self-dual, and the output of Atlas’s wgraph command for the big block G3(R) x G2(R) is block
descent edge vertices, element set multiplicities 0 1 2 (3,1) 21 (4,1) 3 1 (0,1),(1,1),(6,1) 4 2 (0,1),(2,1),(5,1) 51
(4,1),(8,1) 6 2 (3,1),(7,1) 71 (6,1),(11,1) 8 2 (5,1),(10,1) 9 1,2 (7,1),(8,1) 10 1 (8,1) 11 2 (7,1)

This data leads to the following W-graph
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Note that there are four strongly connected components to this graph

{#0}  {F#L#3,#6, #7, 411} {#2,#4, 45, #8,#10} , {#9}

and thus four HC-cells in this block. I might also point out, to help you get your bearings, that, at
infinitesimal character p, vertex #0 corresponds to the large discrete series representation while vertex #0
corresponds to the trivial representation.

3. FROM W-GRAPHS TO INVARIANTS

T’'ll now describe how one can utilize the W-graph structure on @adm’ A to determine certain algebraic

invariants for the representations in é’adm’ A Before beginning though I would like to point out what to me
seems most remarkable: the algebraic invariants attached to a vertex are not determined by properties of
the vertex per se but rather by how the vertex is situated in W-graph of the block that contains it.

3.1. Primitive Ideals. The invariants to be considered here will actually be invariants attached most
directly to the primitive ideal in U(g). I point out, however, that there are other invariants (e.g. the
associated variety of an irreducible Harish-Chandra module [16]) that are attached directly to Harish-
Chandra modules themselves and which are in fact an invariant of an entire cell of Harish-Chandra modules
and so are at least partially determined by the W-graph structure of the block in which a representation
sits.

Definition 3.1. Let V' be an irreducible U (g)-module.
Ann(V) ={X €U(g) | Xv=0 , YoveV}
is a two-sided ideal in U(g). It is called the primitive ideal in U(g) attached to V.

It is easy to see that Ann(V) = Ann(V') = inf ch V = inf ch V' and so it makes sense to talk about
the primitive ideals at infinitesimal character A. We set

Prim (g), := set of primitive ideals in U (g) with infinitesimal character A

For any x € éadm)\’ let V,, be the corresponding Harish-Chandra module and let I, := Ann(V,). The
correspondence

o : @adm,A — Prim (g), : v — I,
is often one-to-one, but generally speaking, several-to-one. We obtain by this correspondence a fairly fine
partitioning of @adm »- Towards the end of this talk, we shall show how the W-graph structure of a block



allows one to determine exactly when two representations living in the same cell share a common primitive
ideal.

3.2. Nilpotent Orbits. U(g) is naturally filtered according to
U™(g) ={X € U(g) | X = product of < n elements of g}

and the corresponding graded algebra

gr(U(s)) =P U (9) /U (9)
n=0

is well defined, and, in fact
gr (U (g)) ~ S (g) := the symmetric algebra of g
~ Clg"] := the ring of polynomials on g*
Definition 3.2. Let J be a primitive ideal and set

V(I/)={reg"|¢(N) =0 Vo egr(J))}
The affine variety V (J) is called the associated variety of J.

Theorem 3.3 (Borho, Brylinski, Joseph). V (J) is a closed, G-invariant subset of g*. In fact, V (J) is the
Zariski closure of a single nilpotent orbit in g*

Definition 3.4. Let x € HC) .The nilpotent orbit attached to x is the unique dense orbit O, in
V (Ann(z)).

Lemma 3.5. Ifx,y € (A?adm,A belong to the same HC-cell, then O, = O,.

This is so because, roughly speaking, tensoring with g only affects the contribution of lower order terms
that are anyway annihilated by the gradation process. We remark though that different cells can share
the same nilpotent orbit. We will describe below how one can utilize the W-graph structure of the cell to
explicitly identify which nilpotent orbit is attached to the representations of cell.

4. WEYL GROUP REPRESENTATIONS

One of the most remarkable developments in 1980’s was the discovery of how the irreducible representations
of Weyl group mediate the myriad of connections between representation theory, the classification theory
of primitive ideals, nilpotent orbits. It should be no surprise then that the W-graph structure of a block
should have something to do with Weyl group representations.

In fact, the Weyl group W, or rather the Iwasora-Hecke deformation of W, is the fundamental apparatus at
play in the construction of the KLV-polynomials, which in turn allow one to explicity compute the W-graph
structure of Gggm,». Indeed, it turns out that the Weyl group action on the free Z-module ZG 44y, obtained
by specializing the action of the Hecke algebra to ¢ = 1 identifies with coherent continuation representation
[15] of W on the Grothendieck group of Gggm,x. This action induces a particular (in general reducible)
W -representation on each cell which in turn has a unique special constituent o occuring with multiplicity
one. Moreover, it turns out that each of the following means of attaching a W-representation to a cell C
leads to the same result:

(i) C — cell representation unique special constituent oc € W

(ii) C — nilpotent orbit O¢c — a nilpotent orbit O¢ and a trivial local system on O¢
Springer correspondence oo € W

(iii) C — {primitive ideal I, | x € C} — W - spanc {Goldie rank polynomial p;, | x € C} — o¢ € w



So it would seem that the ultimate arbitrator in all that follows is again the Weyl group. What might
be a bit surprising is how easy it is to obtain the representation of W carried by a cell from its induced
W-graph. Let C be the W-graph of a cell (obtained by restricting the W-graph of @adm A to one of its
strongly connected components). Regarding the vertices of C as a basis for the free Z-module ZC we define
an action of the reflection corresponding to a simple root o on ZC by

Tope { —x a € 7(x)
ar T+ Zy:aef(y) My—aY « §é T(.’E)

Here m,_,y is the multiplicity of the edge y — = and 7(x) is the descent set of z. It turns out that
these operators satisfy Tp, o Tyiphe = 1 as well as the braid relations for the simple generators of W and
so yield a representation of the Weyl group on ZC. As remarked above this representation coincides with
the W-representation on the cell induced by the coherent continuation representation on the Grothendieck
group of Gggm,x. It is possible, using the above formula, to explicitly compute the trace of the action of a
representative of each conjugacy class in W, thereby determine the character of the cell representation, and
then to identify explicitly the representation of W carried by the cell by expressing this character as a sum
of irreducibles. In fact, this simple method of computation is tractable even for the large cells of Eg (which
contain roughly 50,000 vertices). In an appendix to this lecture we provide a set of tables showing the cell
representations so obtained for all the exceptional groups.

5. ATTACHING NILPOTENT ORBITS TO CELLS

Computing the cell representation, identifying the special constituent o¢ of the cell representation and then
applying the inverse Springer correspondence is one way of attaching a nilpotent orbit to a cell. In this
section we provide an alternative method that utilizes only the properties of special nilpotent orbits and
the combinatorial properties of the W-graph of a cell.

We first note that having restricted attention to representations with regular integral infinitesimal character,
only a special class of nilpotent orbits will arise as the associated varieties of annihilators of these represen-
tations. This class of nilpotent orbits (which are in fact called special nilpotent orbits can be characterized
in several different ways (see Definition/Theorem ?? below).

Let A be the nilpotent cone of nilpotent elements in g and let G4 denote the (complex) adjoint group of
g. We shall denote by Goq/N the set of Gyq-orbits in A/ and we identify this set with the set of nilpotent
orbits in g* via some fixed invariant non-degenerate bilinear on g). We note that the set Goq/N carries a
natural partial ordering

O0'<0O <« O c O :=the Zariski closure of O

In [13], and a bit more generally, in [5] a duality map d : Goq/N — Gqeq/N is defined. This map has the
following properties:

e dis order-reversing: O’ <0 <<= d(0) < (0.
e d restricted to its image is an involution: dodod = d.

We note that for classical g, where the nilpotent orbits are parameterized by certain partitions of n =
dimension of the standard representation of g, the duality map restricted to its image corresponds to the
operation that sends an orbit corresponding to partition p to the orbit corresponding to the transpose
partition pt.

Definition/Theorem 5.1. A nilpotent orbit O is special if any of the following (equivalent) properties
holds:

o O is the dense orbit in the associated variety of a primitive ideal with regular integral infinitesimal
character.



o O lies in the image of the Spaltenstein-Barbasch-Vogan duality map d.
o The irreducible representation of W corresponding to O and the trivial local system on O via the
Springer correspondence is a special representation of the Weyl group in the sense of [Lustig].

As noted above, because we have restricted attention to representations with regular integral infinitesimal
character, the nilpotent orbit O¢ attached to a cell C' will be always be special nilpotent orbit. In order
to explicitly identify the special nilpotent orbit attached to a particular cell we shall need to make use of
the partial ordering of the special orbits, the duality map, and a particular subset of the special orbits; the
Richardson orbits.

5.1. Standard Levis and Richardson orbits. Let I" be a subset of the simple roots IT of d (g; ). The
corresponding standard Levi subalgebra Ip is the Lie subalgebra of g generated by the root subspaces g,
a € T') and the Cartan subalgebra . Equivalently,

[F ::h + jg: Jore

acZll

Definition/Theorem 5.2. Let p = [+ n be a parabolic subalgebra of g with Levi subalgebra | and nilradical
n, and let Oy be a nilpotent orbit in [. The nilpotent orbit induced from Oy is

ind} (Oy) :== unique dense orbit in Gaq - (O + n)

(The theorem part of this statement is that the orbit ind] (Oy) specified as above is well-defined.) When
O\ = 0y (the trivial orbit in ) then such an induced orbit is called a Richardson orbit. When [ =1Ip is a
standard Levi subalgebra and O = 0y, then ind?r (0y.) will be called the Richardson orbit corresponding
to I' and denoted by Rr.

The trivial orbit is always special (in fact, the trivial orbit is always the dual of the principal nilpotent orbit
and vice-versa). Moreover, by a theorem of Lusztig, induction preserves the property of “special-ness”. And
so Richardson orbits are always special nilpotent orbits. However, not all special orbits are Richardson.
(We note, nevertheless, that for sl (n,C) every nilpotent orbit is both special and Richardson, and that in
general the existence of non-Richardson special orbits is related to the lack of injectivity of the duality map

d . Gad\N — Gad\N).

5.2. The Spaltenstein-Vogan criterion. We next note that from the explicit formula for the cell repre-
sentation (cf. §5) that for any x € C the cell representation will always contain the sign representation of
Wi (x)- Using this fact and the following result of Spaltenstein

Proposition 5.3 (Corollary 1 of [12]). A special orbit O is contained in the closure of a Richardson orbit
Rr if and only if the (special) W -representation attached to (O, 1) contains the sign representation of Wr.
Here Wy is the reflection subgroup of W generated by the simple reflections so, o € T'.

David Vogan has proved the following criterion

Theorem 5.4. Suppose C is a cell of Harish-Chandra modules and let O be the associated nilpotent orbit
(cf- §4.2 ). Then
OcCR_ iff JzeCst.T Cr(x)

Thus, the descent sets that occur amongst the representations in a cell C' constain which Richardson orbits
can contain O¢ in their closures and vice-versa. However, because not every special orbit is Richardson,
knowing which Richardson orbits contain a given cell orbit O in their closures is not sufficient to determine
0. However, the following is true:

Observation 5.5 (Vogan). Every special nilpotent orbit O is determined by the Richardson orbits Rr that
contain O in their closures together with the Richardson orbits that contain d(O) in their closures.
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5.3. Tau signatures. I will now describe how the Spaltenstein-Vogan criterion and Vogan’s observation
can be put to work to explicity attach nilpotent orbits to HC-cells.

First of all, the correspondence IT — Go4\N : ' — Rr is hardly one-to-one. But by a classical result of
Dynkin, conjugacy classes of Levi subalgebras in a semisimple Lie algebra g (and hence Richardson orbits
in g) are in a one-to-one correspondence with WW-conjugacy classes in 2, the set of subsets of II. This
motivates the following definition:

Definition 5.6. Fiz an ordering of the simple roots II and let ¥ C 2™ be the collection
U ={T €Il | T is the first in the lexicographical ordering of its W -conjugacy class}

We call such U a set of standard T'’s.

By Dynkin’s result any such V¥ is in a one-to-one correspondence with the set of Richardson orbits, and this
in turn allows us to put the following partial order on W:

FSF/ <~ Rpgnir/

Definition 5.7. Let O be a special nilpotent orbit. The tau signature of O is the pair of subsets of ¥
defined by

Tsig (O0) = (min{FE\Il | OCRir‘} , min{FG\I/|d((’)) CRir‘})

It follows from Vogan’s observation that a special orbit is completely determined by its tau signature.
Next,
Definition 5.8. Let C' be an HC-cell and set

T(C)={r(z) |z €C}
™V(C)={ll—7(x) |z €C}

The tau signature of C' is the pair of subsets of U defined by

Tsig (C) = {min (7 (C) N¥) , min (7Y (C)N )}

In terms of these tau signatures, we now have the following criterion:
Criterion 5.9. Let C' be an HC-cell and let O be a special nilpotent orbit. Then
Oc=0 = 714,(C)=7(0) .
(That 7V (C) is the correct counterpart to {I' € ¥ | d(O) C Rr} comes from the fact that the 7 (C) is a
collection of descent sets for an HC-cell for a block of G then 7V (C') will be a collection of descent sets for

a cell in a block of GV and the fact that this correspondence is consistent with the Barbasch-Vogan duality

map d : Gaq\Ng — G;\Ngv).

Let me now give an example showing how easy it is to apply this criterion.

Below is the Hasse diagram for the special orbits of D5 & so (10, C), with the orbits labeled by the corre-
sponding partitions of 10. The dotted lines indicate the action of the duality map d:



The Special Orbits of Dy

Below is the same diagram, except that we explicitly identify which of these special orbits is Richardson.

Richardson Orbits of Ds

Olo,1) = Ryy
‘ Y.
0[52] = R{Ls}' ’ 0[7,,13]
Ou212) = Ry1,2,4)
ST
0[3:3,1] =Ry1,2,4,5} 05,151
A
Ol32 14) = Ry1,3,4,5} o
A — S
O 12 = 72{'[,2‘3:47} O13,17) = R{2,3,4,5}
Opp2 46
\ L
O110] = Ry1,2,3,4,5}

From the last diagram, we can easily read off the minimal Richardson orbits that contain a given special
orbit, which Richardsonson orbits contain the dual of that orbit, and then use that information to ascribe
tau signatures to the special orbits. This yields
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Tau Signatures of Special Orbits of Dy

Or1:{1,2,3,4,5}
‘ Y

O(1}:{1,2,3,4},{2,3,4,5) " .
=

,—f””” \\\“-\ 7 oL
O11,3};{1,2,3,4} Of1}:{2,3,4,5}
) O11,4,5}:{2,3,4,5}
_— 5
O(1,2,4}:{1,2,3}
ST
O{:1,2,4.5};{1,2,4.5} 0{1:3.4,5};{1,4.5}
o )

O1,2,4,5};{1,4,5}
C

O(1,3,4,5};{1,4,5}

L

0{2,37.4.;5'};{1}
/ .

O(1,2,3,4}:{1,3}
—

. )
Of1,2,3,4},{2,3,4,5};{1}. -~

S
O(1,2,3,4,5};{}

Next, we use the Atlas program to compute the W-graph of the big (SO(5,5) x SO (5,5) ) block of Ds.
This yields a table like

// Individual cells.
// cell #0:
o[ol: {»

// cell #1:
o[1]: {2} --> 1,2
103]: {1} -—> 0
2[5]: {3} --> 0,3,4
3[13]: {5} -—> 2
4[14]: {4} -—> 2

*

*

*
// cell #29:
o[328]: {1,2,4,5} --> 2,3
1[340]1: {2,3,4,5} --> 2
2[358]: {1,3,4,6} --> 0,1
3[364]: {1,2,3} --> 0

// cell #30:
0[353]: {1,2,3,4,5}

// cell #31:
0[357]: {1,2,3,4,5}

From this table, and the partial ordering of the standard I'’s (from Figure ) we can readily identify the tau
signature of each cell of the block.

cell # tau signature
0 {r, {1,2,3,4,5}
1 {1} , {1,2,3,4}
2 {1} , {2,3,4,5}
3 {1,3} , {1,3,4,5}
* *
* *

* *

28 {2,3,4,5} , {1}
29 {2,3,4,5} , {1}
30 {1,2,3,4,5} , {}
31 {1,2,3,4,5} , {}

Comparing the tau signatures of the special orbits with those of the cells we obtain the following cell-orbit
correspondences



11

Cell-Orbit Correspondences for SO(5,5)

Ol9,1] #0
! |

Or7,3] #1

e ~

O2 (@) 3 / \
[5¢] [7,1°] #2,5 #3,4

5 3,12] #6,7,15,17

~ /

33 1] 5,15] #10,12, 13 #11,21

[42 2 \ e \

[32 22] #16, 18
\
2 14] \
/ \ #14, 19, 20, 22
0[24 12] [3 17] / \
\ P #24,25 #23, 28,29
O[22 16) \ /
) #26,27
o \
(110] #30, 31

Note that several HC-cells may correspond to the same nilpotent orbit. This means, in particular, that
annihilators of each of the representations in cells share the same associated variety. In this fashion, Atlas
provides not only a means for enumerating the representations in @adm, A, but also means to explicitly attach
nilpotent orbits to these representations.

6. PARTITIONING Gygm,» INTO SUBSETS SHARING THE SAME PRIMITIVE IDEAL

In the preceding section, we showed how the W-graph of a cell, in fact, just the set of vertex weights,
allowed us to figure out which nilpotent orbit should be attached to the representations in the cell. In this
section I shall so how the W-graph structure allows us to determine when two representations share the
same primitive ideal.

First, however, I will quickly review some apparatus from of the theory of primitive ideals.

6.1. Organization of Prim(g),. Irreducible Harish-Chandra modules are the U(g-modules that most
naturally in the study of admissible representations of a real reductive group. However, the most convenient
setting for discussing primitive ideals is in the category of highest weight modules. We begin by recalling a
basic construction of the simple highest weight modules.

Definition 6.1. Let b = h + n be a Borel subalgebra of g and let p = %ZaEAﬂg,h) a. For any A € h* let
M (X\) denote the Verma module of highest weight A\ — p; that is to say, M (\) is the left U (g)-module

M(X) :=U () ®u(e) Cr—p
Theorem 6.2. Let A € h*. Then

(i) The Verma module M (\) has a unique irreducible quotient module L (X\) which is of highest weight A— p.

(ii) Every irreducible highest weight module is isomorphic to some L(\).
Theorem 6.3 (Duflo). For w € W (g, b) let
L., = unique irreducible quotient of M(—wp)
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Then
¢ : W — Prim(g),: w— Ann (L)

s a surjection.

(Recall that Prim (g), is the set of primitive ideals in U(g) with infinitesimal character p.)

In view of Duflo’s theorem, parameterizing Prim (g) , 18 tantamount to understanding the fiber of the map
¢ : W — Prim(g),. We have a special name for these fibers:

Definition 6.4. Let ~ be the equivalence relation on W defined by
w~w <= Ann(Ly,) = Ann(Ly)

The corresponding equivalence classes of elements of W are called left cells in W.

We can also collect together the elements of W which lead to the same nilpotent orbit. Before doing
this formally, we note that because the simple highest weight modules L,, all have infinitesimal character
p (actually W - p) which is always regular and integral, the corresponding nilpotent orbits will always be
special nilpotent orbits, via a theorem of Barbasch and Vogan ([5]). Let S denote the set of special nilpotent
orbits. It turns out that the map W — S given by

w +— O, = the unique dense orbit in the associated variety of Ann (L)
is also onto.
Definition 6.5. Let =~ be the equivalence relation on W defined by
wrw <= Oannry) = Oann(L,)

The corresponding equivalence classes of elements of W are double cells in W. For any special orbit O € S
we denote by Co the corresponding double cell in W.

Theorem 6.6 (Barbasch-Vogan, Joseph).

(i) The decomposition of W into left cells is refinement of its partitioning into double cells so that

w=]] I ¢

0eS \left cells LCCo

(ii) Let O be a special orbit and let oo be the corresponding special representation of the Weyl group
provided by the Springer correspondence. Then the number of left cells in Co is exactly the same as
the dimension of 0o .

In particular,

’Prim (g)p‘ = Z dimog
Oes

We remark that via the Borho-Janzten translation principle this description of Prim (g) o in terms of special
nilpotent orbits and the corresponding special representations of W carries over, in exactly the same way,
for Prim (g), whenever X is regular and integral.

6.2. Two pictures at inf char p. The above discussion can be summarized by following diagram HW-
modules

w {Lw |weW} same inf char
U U

C : dbl cell {Lv | weC} same nilpotent orbit
U U

£:left cell {Lw | w e £} same primitive ideal
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Regarding W simply as a parameter set for the set of simple highest weight modules of infinitesimal character
p, what we seek to develop next is an analogous picture for the set of irreducible admissible representations
in a block of Guam,, as indexed by Atlas’s block command.

B : block of HC-modules {m |z € B} same inf char
U U

C : cell of HC-modules {ms |z € C} same nilpotent orbit
U U

? {7z | x €7} same primitive ideal

We shall show next how the W-graph structure of a cell enables us to figure out the analog of a left cell
sitting inside an HC-cell. To do that we need to explain first a particular invariant of primitive ideals and
its relation to the descent sets of the representations in a cell.

6.3. Tau invariants. Let L,, again denote the simple highest weight module of highest weight —wp — p
and let I, := Ann (L,,). We have

e [, : unique max ideal (augmentation ideal, annihilator of triv rep)

e [, = unique min PI at inf char p (< by inclusion)
o [, ,acll: “pen-minimal” ideals

A little more precisely, by this last fact we mean,

Theorem 6.7. The primitive ideals I, , o € 1, are all distinct from each other and I.. Any primitive
ideal strictly containing I. contains at least one of the I .

which in turn leads us to the following definition:

Definition 6.8. The tau invariant of a primitive ideal I containing I, is
T(I[)={aecll| I, CI}

The following theorem is the key to what follows. (It also justifies our notation for descent sets).

Theorem 6.9 (Vogan). Let x be an element of a cell C' of HC modules and let 7(x) be its descent set (as,
for example, obtained from the W-graph of C'). Then

T(z) = tau-invariant of Ann(z)

6.4. A partitioning of HC cells. Recall the the W-graph of cell C' attaches to each for each irreducible
admissible representation z € C'

e a vertex index
e a tau invariant 7 [¢{] = tau invariant of Ann (z)
e a list of edges with multiplicities e [i] = [(j1,m1), (2, md) ;- - -, (Jk, Mmi)]

With the goal of figuring out which irreducible admissible representations share the same primitive ideal,
the first thing one might do is collect together the cell elements which share the same tau invariant (descent
set). We shall call such collections To-subcells and write

Ty = T(2) =7(Y)

C= H [z]o

[zlo€C/~rg
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We note that a 7g-subcell corresponds a collection of admissible representations that share the same nilpotent
orbit O¢ and a common tau invariant.

Next we define 71-subcells by setting 71(x) = {7(y) | z — y is an edge} and writing

T~y = T(2)=7(y) and 71 (z) = T1(y)
C = H [z]1
[zl1€C/~r,y

Similarly, 72 subcells are defined by setting 72(z) = {71(y) | + — y is an edge}

roory = To(@) =To(y) , Ta(x) =Ti(y) , and Ta(x) = T2(y)

[2]2€C/~ry

We can clearly continue in this fashion, obtaining at each new iteration a refinement of the previous
partitioning of the cell. Since the cells are finite sets, however, eventually this iterative partitioning scheme
must stabilize with 7;-subcells coinciding with 7;,1-subcells for all sufficiently large j. We shall refer to the
ultimate stable partition of the cell as its 7.-partitioning and write

C= H [x]foo
[2]oe €C/ 7oy

Lemma 6.10. The 7o, partitioning of a cell of HC-modules is compatible with the partitioning of the cell
into subcells consisting of representations with the same primitive ideal:

Ann(z) = Ann(y) = =z and y live in same Too-subcell.

This follows from well-definedness of Translation Functor for primitive ideals.

Theorem 6.11. Let C be any cell in any real form of any exceptional group G. Then the To partitioning
of C' coincides precisely with the partitioning of the cell into sets of irreducible admissible representations
sharing the same primitive ideal:

Ty = Ann(x) = Ann(y)
The proof of this theorem is by direct computation. Using the Atlas software we have explicitly computed

the W-graph every such cell. It is then a simple matter to write a computer program that uses the W-graph
data of a cell to partition it into a collection T,,-subcells. What one finds is that in every case

# Po,-subcells = dim special W-rep attached to cell

But the dimension of the special representation attached to a cell is also the number of distinct primitive
ideals with associated nilpotent orbit O¢. Since the 7..-partitioning scheme is compatible with the parti-
tioning by common primitive ideals, and so is at worse a coarsening of the partitioning by primitive ideals,
we must conclude the 7. ,-partitioning scheme coincides with the partitioning by primitive ideals; as

# P..-subcells = max#primitive ideals in cell
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7. SOME FINAL REMARKS

What I think is most interesting about these results is the non-locality of the way in which algebraic invari-
ants admissible representations are obtained from W-graph data. For example, our method of attaching a
nilpotent orbit to an admissible representation = did not really use a property of corresponding vertex per
se, but rather a property of its strongly connected component in the W-graph of @adm, A

This non-locality is even more evident in the 7., partitioning scheme. We first note that what this scheme
is actually doing is collecting together vertices which encounter the same sets of tau invariants as moves
0,1,2,3,..., vertices away along edges. What is even more curious about this scheme is that the vertices
that share same 7,.-invariant, and so the same primitive ideal, tend to be rather distant from each other
in the cell’s W-graph.
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AppenDIX A. CELLS, ORBITS, PRIMITIVE IDEALS AND W-REPRESENTATIONS

Let G be a real form of a linear connected complex algebraic group G¢ defined over R, and let éad,m ) be
the set of (equivalence classes of) irreducible admissible representation of G of infinitesimal character A,
which we assume to be regular and integral. One can endow G4, » With the structure of a W-graph G as
follows:

e the vertices of G correspond to irreducible admissible representations in @adm, A

o Two vertices ,y € Ggam,x are linked by a (directed) edge x — y if x occurs as a subquotient of
y®g.

e The multiplicity of an edge x — y is equal to the multiplicity with which x occurs as a subquotient
of y® g

e The 7-invariant of a vertex x is equal to the 7-invariant of Anng (g (z) (that is, the tau invariant
of the annihilator in U (g) of the irreducible (g, K)-module corresponding to € Gadm,», a subset
of the simple roots of g).

The connected components of the W-graph G, corresponded to certain subsets of @adm’ A known as blocks
of (irreducible admissible) representations. Blocks in @adm, » are effectively parameterized by the set of
strong real forms of the complex algebraic group (GC)V dual to G¢ corresponding to A (albeit, some of
these blocks may be empty).

The strongly connected components of the W-graph Gy, that is, the maximal sets of vertices that can be
connected bidirectionally by sequences of directed edges are known as cells.

The Atlas software computes the W-graph of éadm, » block by block. The tables given below relate the
output of such computations to nilpotent orbits, primitive ideals and Weyl group representations.

A.1. Computational Scope. The tables given in Appendix B are complete for the real reductive Lie
groups GG whose complexified Lie algebras coincide with one of the exceptional Lie algebras. In this section,
I describe briefly how these tables were produced.

The first thing I did was to run the Atlas blocksizes command to identify all of the nontrivial blocks of
representations for the each real forms of G¢l. In the results appearing below, the real forms of G¢ are
listed in the left most column and corresponding dual real forms are listed in the first row. The integer
entries in the interior correspond to the number of representations in the corresponding block.

e Fs : (simply connected), split inner class.

| 6 Ee(fa) FEs(R)
Es(Fy) | 0 0 45
Es(R) | 1 513 1881

e FEg : (simply connected), compact inner class

| Eo (F1) Es (R)

0 1

Es (f4) 0 513
Es(R) | 45 1881

Iparentheses are used to indicate the insignificant choices that were made in setting up the inner classes.
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e [E7 : simply connected, (split inner class)

ez Er(eg.u(l)) Er(so(12).s5u(2)) E7(R)

e7 0 0 0 1

E7 (eg.u (1)) 0 0 315 3017
E7 (s0(12) .5u(2)) | 0 315 0 9576
E7 (R) 1 1981 9576 24678

e F;: adjoint, (compact inner class)
+ Br(eon(1) Br(so(12) su(2)) P (R)

~

er 0 0 0 1
E7 (eg.u (1)) 0 0 315 1981
E7 (s0(12) .su(2)) | 0 315 0 9576
E7 (R) 1 3017 9576 24678

e FEg : (simply connected), (split inner class)

‘ €g ES (67.5u (2)) Eg (R)

(433 0 0 1
Es (e,.5u(2)) | 0 3150 74410
Es (R) 1 73410 453060

e [ : (simply connected), (split inner class)
[fa Fu(s0(9) Fu(R)

fa 0 0 1
Fy(s0(9)) | 0 0 15
F(R) |1 15 336
e G5 : (simply connected), (split inner class)
g2 G2 (R)
g2 0 1
Go(R)| 1 12

A.2. Cell Invariants. On each of the blocks listed above, I then ran the Atlas wcells command. This
command decomposes the vertices of a block into cells and then ascribes to each cell vertex its T-invariant,
edges, and edge-multiplicities.

With the wcells data in hand, I next proceeded to compute the following invariants, using Maple and John
Stembridge’s Coxeter/Weyl packages.

A.2.1. Cardinality.
Definition: The number of representations in a cell.

Algorithm: count

A.2.2. Attached Nilpotent Orbit.

Definition:The primitive ideals in U (g) corresponding to the annihilators of the representations in a cell
C have the share the same associated variety and that associated variety is the closure of a single nilpotent
orbit O in g*. This orbit is the nilpotent orbit attached to a cell.

Algorithm: In the case of regular infinitesimal characters, the attached orbits are always special nilpotent
orbits. These in turn can be uniquely specified by prescribing the minimal Richardson orbits whose closures
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contain them and the Richardson orbits whose closures contain their Spaltenstein dual. This prescription
in turn amounts to a specification of certain subsets of simple roots: for a Richardson orbit is an orbit of
the form indf’F (0), where T is a subset of the simple roots II of g. The tau signature of a special orbit O
is defined as the pair (7 (0),7 (0OV)) where

r(0) = {rcn | O C ind?. (0)}

A similar 7-signature (7 (C'), 7" (C)) was defined for cells,

7(C)={T Cc | T occurs in the set of T-invariants of C'}

7V (C) = {I' CII | T occurs in the set of complements of the r-invariants in C'}

By results of Spaltenstein and David, a necessary and sufficient for a special nilpotent orbit O to be attached
to a cell C is

(7(0),7(0Y) =(7(C), 77 (C))O
Orbits were attached to cells by explicitly computing the tau signatures of orbits and cells and then matching
them up.

A.2.3. Special Representations.

Definition: The Springer correspondence attaches a unique representation of the Weyl group to each nilpo-
tent orbit. The representations attached to special nilpotent orbits turn out to be special representations
of the Weyl group. (I should point out that the notion of a special representation of W is independent of
the Springer correspondence.)

Algorithm: Once nilpotent orbits were attached to cells, the tables in [Carter, Finite Groups of Lie Type]
were used to assign special representations to cells.

A.2.4. T -partitioning.

Definition: Let 7¢ (z) be the 7-invariant of a vertex x of a cell C, and let ¢ (x) be the set of vertices y for
which z — y is an edge. Set

71 (z)

T2 (LU)

{ro(y) |y € e(x)}
{r1(y) ly€e(x)}

Tk (@) ={Tr-1(y) |y € £ ()}
Let P be the partitioning of a cell corresponding to the equivalence relation
x~gr = 7i(r)=7;") fori=0,1,....k

Then Py is a refinement of Pr_;. Since the cells are finite in cardinality, eventually P, = Pxiq1 = -+
for all k sufficiently large. We call the resulting stable partitioning of C', the 7., partitioning of C. It is
compatible with the partitioning of a cell into subsets of representations sharing the same primitive ideal
(i.e. the partitioning of C' by the equivalence relation x ~p; 2’ <= Anny(g) (z) = Anny g (2')).

Algorithm: straight-forward application of the definition to W-graph of a cell (from wcells data). The
“answer” is most succinctly expressed as a partition of |C|; e.g. T use
7_00 (C) — 1842336

to indicate a 756-element cell breaks up into 84 singlets and 336 doublets under the 7.-partitioning scheme.
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Observation: In all cases the number of 7.,-equivalence classes of in a cell coincides with the maximal
number of distinct primitive ideals (= dimension of the special Weyl group representation attached to the
nilpotent orbit attached to the cell) that can occur. Since the partitioning of the cell by primitive ideals is
at worst a refinement of the 7,.-partitioning, the fact that

# {7 -equivalence classes} = maximal number of distinct primitive ideals that can occur in C

implies that the 7, partitioning and the partitioning by primitive ideals coincide.

A.2.5. Cell Representation.

Definition: The W-graph of a cell prescribes a representation of the Weyl group W of g, induced by the
coherent continuation representation of W on the parameter set HC .

Algorithm: Let I'c be the free Z-module freely generated by the irreducible x in C. For each i € II, define
an action of the simple Weyl reflections on I'c by

-z ifi e 7(x)
T; (z) = { T+ yee(z) My—ey if i ¢ 7 ()
i¢7(y)

This action on generators satisfies both quadratic relations and braid relations of W and so yeilds a repre-
sentation of W. By explicitly constructing a set of |C| x |C| matrices implementing this action and then
computing the traces of the representatives of each conjugacy class in W, the character of the cell rep-
resentation can be computed. Expressing this character as a sum of irreducible characters yields the cell
representation.

Observation: In writing down the cell representations, I utilized a parameterization of irreducible Weyl
group representations by pairs (D, d) where D is the dimension of the representation and d is the degree
at which the representation first occurs in S (h). (With just a couple of exceptions this data is sufficient to
separate the representations of W.) This turned out to be a fortuitous choice for

e If o, is the special representation that occurs in a cell representation (each cell representation has
one and only special representation as a constituent), then

1
degree d in which o first occurs in S (h) = |AT| — B dim (O¢)
e If ¢’ is any other irreducible representation occuring in a cell representation then
1
degree d in which o’ first occurs in S (h) = |AT| — 3 dim (O¢) + ¢

by which I mean o’ first occurs in S (h) at a degree that is only slightly higher than that of the
special representation. In what follows, I shall make some wild speculations about what this might
mean.

APPENDIX B. TABLES

Below we give a series of tables for the various blocks of irreducible Harish-Chandra modules of the excep-
tional groups. Here is how the data is organized. Each row in each table corresponds to a particular cell in a
particular block of an exceptional group. In cases where the adjoint group and the simply connected groups
produce the same table we present only the table for the simply connected group. Similarly, whenever the
same table results for the split and compact inner classes, we present only the table for the split inner class.
The data in the columns of each table is as follows:

# the cell number as enumerated in the output of the atlas extract-cells command
|C| the cardinality of the cell (i.e. the number of irreducible representations in the cell)
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the special orbit attached to the cell - computed by determining the minimal Richardson orbits con-
taining the cell’s orbit and the minimal Richardson orbits containing the orbit of the corresponding
dual cell)

the order in which the orbit O¢ appears in the Collingwood and McGoverns tables of nilpotent
orbits (pgs. 128 — 134 of [CW]).

the special representation attached to the cell - determined by applying the Springer correspondence
to O¢

the number of primitive ideals in the cell (the number of distinct subcells in the 7, partitioning of
the cell)

the 7., partitioning of the cell written as an actual partition of |C|. E.g. 129259319 means the 7,
partitioning of the cell decomposes it into 20 singlets, 50 doublets, and 10 triplets of representations
sharing the same primitive ideal.

the representation of the Weyl group carried by the cell. This is the coherent continuation repre-
sentation inferred from the W-graph structure of the cell. It was computed by using the output of
extract-cells to explicitly construct the (restriction of the) coherent continuation representation
to the cell, computing the character of this representation by taking the traces of representatives
of each conjugacy class in W, and then writing this character into a sum irreducible characters. I
use the notation of Carter (Finite Groups of Lie Type, John Wiley and Sons, New York, (1985)) to
specify Weyl group representations. In this notation, ¢ ; denotes the Weyl group representation
of dimension D that first appears in S(h*) (as homogeneous harmonic polynomials) of degree d;
primes “/” are used to distinguish inequivalent representations with the same D and d.

The last series of table contains the analogous results for the complex exceptional groups, excluding Eg (C).

B.1. Gs.

11 block : G (R),G (R)

B.2. F}.

# |C] Oc¢ n  Ospec #Prim(C) P.. W-rep
0 1 G2 5 ¢, 1 ' 41
1 5 Gala1) 4 ¢y, 2 213! $a1 + oo+ ¢,1,3
2 5 Gala) 4 ¢y, 2 2'30 oy +Gun + 915
3 10 1 6, I ™ 6.,
12 block : Fy (50(9)), Fy (R)
# |Cl Oc n 0spec #Prim(C) P.. W-rep
0 8 Ay 6 gy 8 1% b,
1 6 A 3 4 12" duas + e
2 1 0 1 ¢1 1 1 1o
21 block : Fy (R), Fy (s0(9)) block
# |C] Oc¢ n  Ospee #Prim(C) P., W-rep
0 1 Fr 16 ¢, 1 T é,
1 6  Fu(a1) 15 ¢y, 4 1727 bu1 + P
2 8Os 13 Qhg 8 @,




22 block : F4 (R) 7F‘4 (R)

# |C| Oc¢ N Ospee  #Prim (C) PTIOO W-rep
0 1 Fy 16 ¢, 1 1 D10
1 6 Fy(a1) 15 ¢4, 4 1°2° $a1 T+ ¢g,4
3 6 Fu(ar) 15 ¢y, 4 122° baqt+ P
49 Fla) 14 6, 9 12 g
5 9 Fi(az) 14 ¢, 9 1 P92
119  Fila) 14 g, 9 1° 0.
12 8 Cs 13 ¢ 8 1® t.s
2 8 B 12 ¢, 8 18 o
6 8 B 12 ¢g, 8 18 83
7 8 Bs 12 ¢g, 8 18 83
8 8 Bs 12 ¢y, 8 18 53
9 57 F4(a3) 11 ¢1274 12 23212354?1 ¢12,4 + ¢16,5 + 2?;’,6 + ?g,b + ?Z,? + ¢l1,,12
13 47 Fy(as) 11 ¢12,4 12 5 21 :2)’ 42 ¢12,4 + ¢16,5 + ¢9,/6 + ¢6,/€/3 + ¢4,/7
14 72 Fiy(as) 11 <1512,4 12 4 689 ¢12,4 + 2¢16,5 + ¢9,6 + ¢9,6 + ¢’6,6 + ¢4,8
18 8 A 6 . 8 1 .
2 %9 . ¢§/9
10 8 A, 5 dug 8 1 o
15 8 Az 5 i 8 1 P50
16 8 Az 5 %,9 8 12 %,9
21 8 Ao 5 ¢, 8 1 7y
17 9 A+ f}l 4 9910 9 1° ®9.10
19 9 A+ {11 4 g 19 9 1 9,10
209 A+A 4 9oy 9 1° P9.10
22 6 f}l 3 P43 4 1222 ba3+ D516
23 6 Ay 3 Pais 4 1 ? P43+ d)/2/,16
24 1 0 1 ¢ 1 1 P24

B.3. Eg: compact inner class.

11 block : FEg (f4) , Fg (f4)

# |C| Oc N Ospec #Prim(C) Pr., W-rep
0 81 Ay 13 g6 81 TR
2 81 As+A 9 ¢’81,10 81 15 ¢81,10
3 81 As+Ar 9 g0 81 ¥ a0
1 24 24 7T bouns 24 T oyin
4 64 A+ A1 6 deyn3 64 1% b64,13
6 64 Ax+ A1 6 g3 64 164 P64.13
8 45 As 5 93015 30 192" Bay 15 + P15z
5 20 241 3 ¢y 20 127 0,90
7 20 24 3 ba0,20 20 12 $20,20
9 20 241 3 ¢y 20 120 $y0.00
10 6 Ar 2 Pgo5 6 1° ®6,25
11 6 A 2 g5 6 19 Pgos
12 1 0 1 ¢4 1 1! D136

20 block : Fg (R), e

21



# |C] Oc n ospec #Prim(C) P.., W-rep
0 1 B 21 ¢, 1 1" 4,
1 20 Ds 19 ¢y, 20 17 $20.2
2 24 Dy 14 ¢y, 24 7 o
21 block : FEg (R), Eg (f4)
# |C| Oc N Ospec #Prim (C) Pro W -rep
0 1 Es 21 ¢y, 1 1! b1 0
3 6 Es(a1) 20  ¢g, 6 1° P61
1 20 Ds 19 g9 20 17 $20,2
4 20 D5 19 ¢20 2 20 120 ¢20 2
5 45 Es (‘13) 18 ¢30,3 30 1772 ¢30,3 + ¢15,4
11 45 Ee(az) 18  ¢gp4 30 11921 $303 + P154
6 64 Ds(a1) 17 g4 64 1% Poa,4
7 64  Ds(ar) 17 g4 64 1% Poa.4
1260 As+A1 15 g5 60 1% Po0,5
13 60 As+A1 15 @45 60 1% $60,5
2 24 Da 14 o 24 1% boa6
9 24 Da 14 ¢y, 24 1% Poa6
8 81 Ay 13 ¢g16 81 18T bs1.6
14 81 Ay 13 ¢g 6 81 1% Ps1.6
10 230 Da(ar) 12 ¢goy 80 21037 ®s0,7 T Poo,s T Peo,s
15 150 Da(ar) 12 ¢goz 80 120250310 ®s0,7 T Poo,s T P10,
16 230  Da(a1) 12 ¢go 7 80 21937 $s0.7 T Poo.s T Peo.s
19 81 As3+A1 9 g0 81 17 Ps1,10
21 81 Az +A1 9 g0 81 1% $s1,10
17 60 A2 +241 8  ¢go1s 60 1% P60,11
18 60 As+241 8 g 60 1% P60,11
2260 A +2A1 8  dgomnn 60 19 $60,11
23 24 24, T ous 24 % oo
24 64 A+ Ay 6 Pea13 64 1% $64,13
25 64 Ar+A1 6 deyas 64 1% Pea,13
20 45 A 5  P3015 30 17927 ®30,15 + 15,16
26 45 Az 3 P3015 30 11921° ®30,15 + 15,16
27 45 A 5  P3015 30 11921 ?30,15 + 15,16
28 20 24, 3 P20,20 20 1% ®20,20
20 20 24, 3 P20 20 120 $20,20
30 Ay 2 g5 6 1° P6 .25
31 1 0 1 ¢is6 1 i b1 36
B.4. Fg : split inner class.
02 block : ¢g, F (R)
# |Cl Oc n 0ospec F#Prim(C) P, W-rep
0 24 245 7 ¢uisy 24 ST
1 20 2A1 3 dyg00 20 17 $20,20
2 1 0 1 ¢ 1 1" rae




11 block : Eg (1), Es (f4)

# 10l Oc n_ owpee #Prim(C) P, W-rep
0 1 Es 21 ¢y, 1 1 1.0

1 Es(a1) 20 ¢, 6 16. P61

2 6 Eo(am) 20 &, 6 1°  Je,

3 20 Ds 19 @902 20 1% 20,2

5 20 Ds 19 9900 20 1% 20,2
7 20 Ds 19 9900 20 10 $20.2
4 45 Es(az) 18 g4 30 1727 605+ duss
6 64 Ds(a1) 17 ¢g44 64 1* P64,
8 64 Ds(ar) 17 ¢g44 64 1% P64.4
9 24 Dy 14 Poy 24 5 Paa
10 81 Ay 13 ¢g16 81 ™ Ps1.6
11 81 Ay 13 ¢y 81 1" duie
12 81 A3 9 ds1.10 81 1™ Ps1.6

12 block : Eg (f4), Fg (R)

# |C| Oc N Ospec F#FPrim (C) Pro. W-rep

0 1 Ee 21 61, 1 1! b1

1 6  BEola) 20 g, 6 1° b

2 20 Ds 19 @900 20 1% $20,2

3 20 Ds 19 ¢y 20 120 $20.2

4 45  Eglas) 18 g4 30 1727 g5+ dis4

5 45 Es(az) 18 ¢33 30 11921 ®30,3 T D154
15 45 Es(as) 18 303 30 11o21° P30,3 T D154

6 64 Ds(a1) 17 gy 64 1% Poaa

7 64 Ds(aq) 17 ¢)64’4 64 1% ¢’64,4

9 60 Ast+Ar 15 g4 60 1% be0,5

10 60 As+A1 15 @5 60 1% P60,5

1160 As+ A1 15 g5 60 1% Poo.5

8 24 Dy 14 doss 24 = Po16

12 81 Ay 13 ¢g16 81 181 bs16

16 81 Ay 13 ¢ 6 81 1% bsi6

13 230 Da(ar) 12 ¢gy 80 219370 g7 + oo,s + oo g
14 150  Da(ar) 12 g7 80 1290259310 g+ Beo.s + Pro.0
17 230  Da(ar) 12 gy 80 219370 @507+ boos + Deoss
18 81 Az + A 9 Ps110 81 13 $s1,10

23 81 As+A1 9 g0 81 1% bs1.10

19 60 A2 + 2A1 8 ¢60,11 60 160 ¢60,11

20 60 Ax+24A1 8 g1 60 190 $60,11

22 24 24, T oy 1o 24 1> $a24,12

27 24 24, (R YRY 24 1> $24.12

24 64 Az + AL 6 dgais 64 1% Poa,13

25 64 Ax+A1 6 P43 64 164 $6a.13

21 45 As 5 $3015 60 172" $30,15. + P15,16
26 45 Az 5 P3015 30 11921 $30,15. + P15.16
28 20 24, 3 o0 20 1%° $20,20

29 20 24, 3 oo 20 1% o0

30 6 A, 2 g as 6 1° b6.25

31 1 0 T 46 1 1 D136




B.5. E7 :

simply connected.

12 block : E7 (e +u(1)), E7 (s0(12) + su(2))

Block # |C| Oc¢ N Ospec H#Prim(C) P._ W-rep
12 0 105 (A5)” 23 $10510 105 1% %0510
12 1 189 (A3 +A1)” 13 1000 189 19 6 e 20
12 2 21 (3A1)” 4 ¢21 36 21 121 ¢21,36
13 block : E7 (e + u(1)), E7 (R)
# |C| Oc N Ospec #Prim (C) Pro W-rep
0 105 (A5)// 23 ¢7105,12 105 1 ¢105,12
2 105 (A5)H 23 ¢105 12 105 1100 ¢105 12
3 756 A4 21 ¢420 13 420 1842336 ¢420 13 + ¢336,14
1 189 (AB + Al)// 13 ¢189,20 189 1189 ¢189,20
4 189 (A3 + Al)” 13 ¢189,20 189 1'% ¢189,20
5 189 (AS + Al)” 13 ¢189,20 189 1'% ¢189,20
6 189 (A3 + Al)” 13 ¢189 20 189 1'% ¢189 20
11 168 24, 11 ¢res.01 168 1% 6 s 01
9 210 As 10 ¢a10.21 210 P o001
10 210 As 10 ¢910.01 210 1210 hy1001
12225 A+ A; 8 g0 120 12196 0,25 + 105,26
15 225 A, + A 8  Pra0.0s 120 119219 ¢ 00,95 + Pros.26
18 7 Az 6 ¢56 30 56 179271 ¢56 30 + ¢21 33
7 21 (3A1)N 4 ¢21,36 21 121 ¢21,36
3 21 (3141)// 4 ¢21,36 21 121 ¢21,36
13 21 (3A1)N 4 ¢21,36 21 121 ¢21,36
16 21 (3A1)// 4 ¢21 36 21 121 ¢21 36
14 27 24, 3 Gorsr 27 127 bo7 37
17 27 24, 3 ¢ursr 27 127 Py 37
19 27 24, 3 Gorar 27 127 b 37
20 7 Ay 2 ¢7,46 7 17 ¢7,46
21 7 A 2 7 1" $rae
22 1 0 1 63 1 1T b1 63
21 block : E7 (s0(12) 4+ su(2)), E7 (eg + u(1))
# |Cl Oc n  0Ospec #Prim(C) Pr. W-rep
0 21 Es 41 ¢y 4 21 1%t bo1 3
1 189 Ds 33 07 189 189 g -
2 105 D4 18 ¢105 15 105 1105 ¢105 15

24



23 block : E7 (s0(12) +su(2)), E7 (R)

# |C| Oc¢ N Ospec F#Prim(C) Proo W-rep

0 21 Es 41 Py 5 21 17 $21.3

1 135 Es(a1) 40 ¢i904 120 119521 $120.4 + G157
10 105 As 35 9056 105 170 $105.6

2 189 Ds 33 Grsor 189 179 P1s0,7

4 189 Ds 33 Piso7 189 1'% P1s9.7

5 621 Eg(as) 32 058 405 199710 05,8 + Pat6,0
11 621 Ee(az) 32  ¢upss 405 11892216 $a05,8 T P216,0
12 210 As+A2 27T ¢y010 210 1210 $210,10

6 756 Ds(a1) 26 ¢u010 420 131275 B0 10 T Paze.n
13 1024 As+ A1 25 ¢si011 512 27 Ps12.11 T Ps12.12
7 504 Ay 21 ¢u90,13 420 179095 $a20,13 T Psa,15
14 504 Ay 21 by0013 420 1399250 15003 + Bsais
15 378 As+As 20 Gypeis 378 1°7 Par8.14

3 105 Dy 18 ®105.15 105 170 $105,15

8 105 Dy 18 105,15 105 1'% $105,15

9 875 Dy(ar) 16 ¢315,16 315 270321 ®315,16 + Pas0,17 + Pas0,18
19 665 Dy(a1) 16 315,16 315 1392219370 ®315,16 T P2s0,17 T Pr0,18
20 875  Da(a1) 16 31516 315 2798%% 1516 + Pasoar + Paso.ns
16 168 24y 11 dyge0 168 1708 D168,21

22 168 24, 11 $igson 168 1168 P168.21

17 210 Az 10 P210,21 210 110 $210,21

21 210 As 10 $o1g01 210 1210 $210.21

23 189 A2 +241 9 ¢igga0 189 1 $189,22

24 189 A +241 9 g 189 1159 Prs9.22

25 225 Ay + A1 8 a5 120 17210 $120,25 + P105,26
18 91 Az 6 Ps6.30 56 1712% ®56,30 + P35,31
26 91 Az 6 95630 56 1212 ®56,30 + P35,31
27 91 Az 6 95630 56 12129 $56,30 T P35.31
28 27 241 3 Porar 27 177 Bo7.37

29 27 24, 3 Borar 27 127 bor.37

30 7 Ay 2 Prae 7 17 $7.46

31 1 0 1 6 1 1 D163

25



31 block : E7 (R) ,E7 (26 -+ u(l))

# O] Oc¢ N Ospec #H#Prim(C) Pr W-rep
0 1 Er 45 i, 1 1t b1
11 E; 45 i, 1 1t b1 0
2 7 Er(a) 44 ¢7, 7 Y P71
3 27 Er(a2) 43 sy 27 =T ba7.2
4 27 Er(az) 43 ¢ors 27 177 $a7.2
5 27  Er(a2) 43 o7, 27 1% Par2
7 91 Er(az) 42 ¢g65 96 17127 $56,3 + 354
6 21 Es 41 oy 5 21 1t $21,3
14 21 Es 41 Py 5 21 12! $213
8 225 Es(a1) 40  ¢ro94 120 1721% P1204 + Pr05,5
11 210 Ds(a1) 37 ouos 210 1710 P210.6
9 168 Ds+ A1 36 e 168 178 P168,6
10 168 Ds+ A1 36 e 168 1198 P168.6
127 189 Ds 33 iger 189 170 P1s9,7
15 189 D5 33 ieon 189 1189 Prs0.7
13 504  Ds(a1) 26 u00 10 120 179230 610,10 + Psato
16 105  Ds 18 10515 105 1™ D105,15
32 block : E7 (R), E7 (s0(12) + su(2))
# O] Oc¢ N Ospec #Prim (C) Preo W-rep
0 1 E; 45 i, 1 1 b1
1 7 Er(a1) 4 P74 7 1 P71
2 27 E?((IQ) 43 ¢27,2 27 127 ¢27,2
3 27 Ex(az) 43 $yry 27 127 Po72
4 91 E+(a3) 42 563 26 1712% $56,3 + D354
5 91 Ex(as) 42 ¢s6 56 1295 gy + G5
13 91 Er(a3) 42 563 56 121235 P56, + Pasa
6 225 Eg(a1) 40 Piap4 120 11921 $1204 1 Pr05.5
7 189 Er(as) 38 Gisos 189 1'% D895
9 189 E+(a4) 38  disos 189 1'%9 P189.5
10 210 Dg(ar) 37 Pai06 210 1710 ®210,6
14 210 Ds(a1) 37 Pai06 210 1210 $210.6
8 168 Ds + Ay 36  Pies6 168 1'e® P168,6
15 168 Ds + Ay 36 Pies6 168 1198 P168.6
11 875 Er(as) 34 P3157 315 270378 P315,7 T Paso,s + P2so,0
12 665 E+(as) 34 93157 315 1392210370 $315,7 T Paso,s T Pro,0
21 875 E+(as) 34 dz157 315 2193 st $as0,8 T P2so,9
16 378 Ds(a1)+ A1 30  ¢grg 378 1’7 P378.9
17 504 Ds(aq) 26 P420,10 420 17362%1 ®120,10 T Psa,12
23 504 Ds(aq1) 26 ¢u90.10 420 1336284 $a20,10 T Psa12
18 1024 As+ Ay 25 51011 512 2°7 Ps12,11 + ¢512,12
22 105 (45)” 23 10512 105 I $105,12
29 105 (As)” 23 $105.12 105 1'% $105,12
19 210 As+As+A; 22 ¢yy04s 210 177 $21013
24 756 Ay 21 $u2013 420 137273 $a20,13 t P336,14
20 621 Da(ar)+ A1 19 ¢up515 405 17892716 $405,15 T P216,16
25 621 Du(a1)+ A1 19 ¢ups.15 405 1992218 60515 + Pa16.16
26 189 (As + Ay)" 13 $189,20 189 1'% $189,20
30 189  (As+ A1) 13 digg00 189 119 P189.20
27 105 Az +341 12 o0 105 1 P105,21
28 135 As+ Ay 8  P120.25 120 179520 P120,25 + P15,28
31 21 (3A1)" 4 ¢a136 21 17 $21.36

26



33 block : E7 (R) ,E7 (]R)

# |C| Oc¢ N Ospec #Prim (C) Preo W-rep

0 1 Er TR 1 5 P10

11 E; 45 ¢, 1 1 P10

2 7 Er(a1) 4 97, 7 17 b7

3 7 Er(a1) 4 P74 7 iy b7,

4 27 E7(a2) 43 g7y 27 177 ba7.2

6 27 Er(a2) 43 Py7 27 1% Por.2

5 ol Er(as) 42 g4 56 17197 56,3+ D354

7 91 E7(a3) 42 g6 3 56 1212 ®56,3 T P54

10 91 E7(as3) 42 ¢s63 56 1212% ®56,3 T P54

11 91 E7(as) 42 se 3 56 12120 Ps6,3 + P3sa

8 21 Es AT ¢y 4 21 17 P13

9 225 Eg(a1) 40 $190,4 120 1721% $120,4 T P105,5
12 135 Es(a1) 40 biao4 120 1105215 D204 + P15z
13~ 189 Er(as) 38 Pisos 189 19 D189,

14 189 Er(as) 38 ¢iggs 189 119 P18,

15 189 Er(as) 38 disos 189 e D1s9,5

18 189 Er(a4) 38  isos 189 1'% b1s9,5

22 189 Er(as) 38 Gisos 189 1'% Pis0.5

16 210 DG(CL1) 37 ¢210,6 210 1210 ¢210,6

24 210 De(a1) 37 ¢oroe 210 1210 P10,

17 168 D5+ A1 36 ¢iese 168 1o D168,6

23 168  Ds+ A1 36  drese 168 1108 P168.6

19 105 Ag 35 Pios6 105 1% B105.6

27 105 Ag 35 Brosse 105 1o P105.6

20 875 E7(as) 34 3157 315 270371 ®315,7 + Paso,s T Paso,
25 875 E7(as) 34 Gg157 315 270324 ®315,7 + Paso,s T Paso,
29 665 E7(as) 34 Pg157 315 1992210370 $315,7 T aso,s T Pro0
30 665 Eq(as) 34 Ps157 315 1992210370 $315.7 + Pasos + Pro0
26 189 Ds 33 Gigor 189 [ D180,

28 621 FEo(as) 32 Guos.s 405 11892716 Pa05,5 T 216,9
31 621 Es(as) 32 P58 405 11892216 P05, + P16,
21 378 Ds(a1)+ A1 30 $378.9 378 1°7® $378.9

32 378 Ds(a1)+ A1 30 ®378,9 378 1578 $378.9

33 378 Ds(a1)+ A1 30 dsrg0 378 1°78 ®378,9

35 378 Ds(a1)+ A1 30 s 378 1°7 $378,9

42 378 Ds(a1) + A1 30  ¢grsy 378 1°7 P37s.0

36 210 As+ A 27 $910,10 210 1710 $210,10

37 210 As+ Az 27 $910.10 210 1210 $210,10

34 504 Ds(a1) 26 ¢490,10 420 17%52% $420,10 T Psa 12
39 504 D5(a1) 26 ¢420,10 420 1336284 ¢’420,10 + ¢84,12
44 504 Ds(a1) 26 Pu90.10 420 1396984 P420,10 T Psa.12
38 1024 As+ Ay 25 ds1011 512 2’ ®512,11 T Ps12,12
40 1024 As+ Ay 25 ¢s1211 512 2>12 ®512,11 T Ps12,12
45 1024 As+ Ay 25 51011 512 2712 $512,11 T Ps12,12




33 block : E7 (R), Er (R) cont’d

# |C] Oc N Ospec #Prim (C) Preo W-rep

52 105 (A5)” 23 bro5.10 105 1 b105,12

53 105 (As)” 23 G105 12 105 11 b105,12

41 210 Az + A2+ A1 22 ¢y 210 10 P210,13

43 210 Az + A2+ A1 22 ¢y 210 1210 $210,13

46 210 Az + Az + A1 22 ¢y 210 1210 $210,13

49 210 As+ Ax+ A1 22 ¢y 210 121 $210.13

54 504 Ay 21 00,13 420 17362%1 ®420,13 T Psa,15
57 756 Ay 21 ¢u03 420 184233 $420,13 T P336,14
55 378 Azt Az 20 s 378 T Pa78,14

56 378 As+ Az 20 Gyrgia 378 127 Ps78,14

58 378 As+As 20 dypes 378 1°7® Ps78,14

63 378 Az + Ao 20 P74 378 127 $378.14

47 621  Da(a1) + A1 19 0515 405 17892710 $405,15 T P216,16
50 621  Da(a1) + A1 19 dyp5.15 405 11892216 ®405,15 T P216,16
59 621  Da(a1) + A1 19 dyps.15 405 11892219 Pa05,15 T Pa16,16
60 621 Ds(ar)+ A1 19 @uo515 405 11892216 P405.15 + Pa16.16
61 105 Dy 18 P105.15 105 11 $105,15

62 665 D4(a1) 16 ¢315,16 315 1752219370 ¢315,16 + ¢280,17 + ¢70,18
64 875 Dy(ar) 16 P315.16 315 270324 $315,16 T Pasgo,17 T Paso.1s
69 189  (As+A1)" 13 ¢g9099 189 1 P189,20

70 189 (A3 + Al)” 13 ¢189 20 189 1'% ¢189,20

48 105 Az + 3A; 12 @105,01 105 1o $105,21

51 105 Ay 4341 12 G50 105 110 P105,21

65 105 Ag + 34, 12 ¢yo5.01 105 1108 $105.21

67 105 As + 3A; 12 10501 105 1109 $105,21

71 168 24, 11 ¢re8.01 168 118 P168.21

72 210 Az 10 @a10.01 210 1710 ¢210,21

66 189 As 4+ 24,4 9 ¢189,22 189 1 ¢’189,22

68 189 A +2A41 9 Brggan 189 1'% P180,22

73 189 A +2A; 9 Pig900 189 1189 $189.22

74 189 A + 24, 9 Bigo.an 189 1189 P180.92

75 135 Ax+ Ay 8 P12025 120 170921 $120,25 T P15,28
76 135 Ax + Ay 8 P12025 120 1109219 $120,25 T P15,28
78 135 Az + Ay 8  ®190.95 120 1105215 $120,25 T P15,28
77 91 Ao 6 ®s6.30 26 1712% ®56,30 T P35,31
79 91 A 6 Ps6.30 26 1212 Ps6,30 T P35.31
80 21 (3A1)" 4 Po1 36 21 177 $21,36

81 21 (341)" 4 Po136 21 12! $21 .36

82 27 24, 3 fyrar 27 17 Pa7 .57

83 7 Al 2 ¢7 46 7 17 ¢7 46

84 1 0 I i 1 1 $1.63




B.6. E;: adjoint.

12 block : E7 (e +u(1)), E7 (s0(12) + su(2))

# |C| Oc¢ n  Ospec #Prim(C) P, W-rep
0 105 (AS)N 23 ¢105,12 105 1'% ¢105 12
1 189 (As+ Ar)” 13 $189,20 189 1™ 914990
2 21 (3‘41)” 4 ¢21 36 21 17! ¢21 36
13 block : E7 (es +u(1)), E7 (R)
# O] Oc N Ospec FH#Prim(C) Pr.,  W-rep
0 105 (As)” 23 910512 105 1'% $105,12
1 504 Ay 21 00,13 420 17352%1 $420,13 T Psa,15
2 189 (Az+A)" 13 ¢ig900 189 1 $189,20
3 189 (A3 + Al)// 13 ¢189,20 189 1189 ¢189,20
6 168 24, 11 ¢68,21 168 1% P168,21
7 168 24 11 G501 168 1 hiegon
5 210 As 10 Po10.21 210 1710 $210,21
8 225 Ay + Ay 8  P12025 120 17921 g 005 + $105,26
11 91 Az 6 Ps630 56 1712 Bog 50 + P35
4 21 (3A1)” 4 Po136 21 17 ®21,36
9 21 (341)" 4 Po136 21 12! $21,36
10 27 24, 3 Parar 27 177 bar 37
12 27 241 3 Parar 27 1%7 bar 37
13 27 2A, 3 Porsr 27 1%7 Par.37
14 7 A 2 b7 46 7 17 P7 46
15 1 0 1 ®1,63 1 1 ®1,63
16 1 0 1 ?1 63 1 1! ?1.63
21 block : E7 (s0(12) 4+ su(2)), E7 (eg + u(1))
# |C| Oc n  0ospee #Prim(C) P.., W-rep
0 21 Ee AL ¢y, 4 21 17 s
1 189 Ds 33 ¢ygon 189 1™ G0
2 105 Di 18 015 105 1 10515

29



23 block : E7 (s0(12) +su(2)), E7 (R)

# |C] Oc¢ N Ospec#Prim (C) Pr Pﬁoc W-rep

0 21 E@ 41 ¢21 3 21 121 ¢21 3

1 135 Eg(a1) 40 $190 4 120  1'%°2F P1204 + D157
10 105 As 35 $105.6 105 1'% $105.6

2 189 Ds 33 P1s9,7 189 1 1597

4 189 Ds 33 P1s9.7 189 1'% P1s59.7

5 621  FEg(as) 32 P05 405 1192716 Paos,8 + P216,9
11 621  Eglas) 32 D5 405 11892216 Da05.8 T P16.9
12 210 A,+A; 27 Bo10.10 210 1710 $10.10

6 756 Ds(a1) 26 D420.10 420  1%72%% Pa20.10 + P336.11
13 1024 A4+ A1 25 P512.11 512 2°1 $s512.11 + Ps12,12
7 504 Ay 21 ®420,13 420 17362% $a20,13 + Psa,15
14 504 As 21 $420.13 420 1936284 $a20,13 + Psa15
15 378 Az +As 20 Gars 14 378 1% P378.14

3 105 Dy 18 $105,15 105 17 $105,15

8 105 Dy 18 $105,15 105 1'0° $105,15

9 875 Dy(ar) 16 ®315.16 315 27037 as 16 + Paso1r T+ Pasons
19 665 D4(a1) 16 ®315,16 315 1°%2%10370 ®315,16 + P280,17 T 70,18
20 875 Dy(a1) 16 ®315.16 315 27°3%%  ¢ain16 + Posonr $a50,18
16 168 242 11 P168,21 168 1708 P168,21

22 168 24, 11 bre8.91 168 1168 b168.21

17 210 Az 10 $210,21 210 1710 $210,21

21 210 As 10 $210,21 210 1210 $210,21
23 189 Ax+24; 9 ®180.22 189 1'% $189,22
24 189 A +24; 9 B180.99 189 1189 P180.22
25 225 A+ Ay 8 D120 25 120 1152105 $120,25 + P105,26
18 91 Ay 6 ®56.30 56 17127 ®56,30 + P35,31
26 91 As 6 ®56.30 56 1712%° ®56,30 T 35,31
27 91 Az 6 $56,30 56 1212 $56,30 T 35,31
28 27 24, 3 D737 27 177 $a7,37
29 27 2A, 3 $a7.37 27 1% Pz 37
30 7 Al 2 ¢7 46 7 17 ¢7 46
31 1 0 1 D163 1 1! P1,63

30



31 block : E7 (R) ,E7 (26 -+ u(l))

# |C| Oc n O spec #Pmm (C) 737'00 W—rep

0 1 2 1 U o

1 7 Er(a1) 44 P71 7 iy b1

2 7 Eida) 44 ¢, 7 17 ¢,

3 27  Er(az) 43 ¢urs 27 PTGy

4 27 Er(az) 43 o7y 27 177 P72

6 27  Er(a2) 43 oy 27 1% Par2

8 77  FEr(az) 42 ¢s6 56 17727 $56,3 + Pa16
5 21 Es 41 oy 3 21 177 ®21,3

7 21 Es 41 Pgy 5 21 12! $a1,3

17 21 Es 41 P9y 3 21 1% $a1,3

18 21 Es 41 ¢y 21 T

9 225 FEs(a1) 40 1904 120 17221% $120,4 T P105,5
10 225 Eg(a1) 40 1904 120 1192195 $1204 T Pr05.5
12 210 Ds(a1) 37 9106 210 171 $210,6

13 210 Dg(a1) 37 ¢yipe 210 1 a0

11 168 Ds+ A1 36  ¢dies6 168 1% P168.6

14 189 Ds 33 iger 189 19 597

15 189 Ds 33 Gige; 189 1% @igg0

19 189 Ds 33 Pis9,7 189 1199 $189,7

20 189 Ds 33 Pige7 189 1189 $189.7

16 756  Ds(a1) 26 49910 420 1372539 $420,10 T P336,11
21 105 Dy 18 105,15 105 1 $105,15

22 105 Dy 18 ®105.15 105 1'% $105,15

31



32 block : F7 (R), E7 (s0(12) + su(2))

# |C| Oc N Ospec F#F#Prim(C) Proo W-rep

0 1 Er B by, 1 1’ b1

17 E7 (a1) A4 g, 7 iy [

2 27 Er(a2) 43 yrs 27 177 Pyr.2

3 27 Ex(az) 43 Gy 27 127 Pa7.2

4 91 E7(‘13) 42 ¢56,3 56 1712% ¢56,3 + ¢35,4

5 91 E7(as) 42 g6 3 56 1212 $56,3 T 35,4

13 91 E+(a3) 42 G565 56 1212% $s56,3 + 354

6 225 Eg(a1) 40 @i904 120 179217 P1204 + P1r05,5

7 189 E7((14) 38 ¢189,5 189 1189 ¢189,5

9 189 Er(as) 38 bisos 189 1'% P180.5

10 210 Dg(a1) 37 ¢210,6 210 1210 ¢210,6

14 210 De(ar) 37 06 210 1210 P210.6

8 168 D5+ A1 36 igs0 168 7% P168,6

15 168 Ds + Aq 36 P56 168 1108 P168,6

11 875 E7(as) 34 3157 315 27037 ®315,7 + Pas0,8 + Paso,0
12 665 E7(as) 34 Pg157 315 1352210370 ®315,7 + Paso,s + D700
21 875 Ex(as) 34 Ps157 315 270324 $315,7 + Pagos T ¢280,9
16 378  Ds(a1)+ A1 30 dsrs0 378 1’7 P378,9

17 504 Ds(a1) 26 Pu20,10 420 1775257 ®420,10 T Psa,12
23 504 Ds(a1) 26 Paz0.10 420 1390284 P420,10 + Psa,12
18 1024 Ay + Ay 25 51011 512 2 $512.11 + Ps12.12
22 105 (As)"” 23 $105,12 105 170 $105,12

29 105 (AS)” 23 ¢105 12 105 1'% 925105 12

19 210 As+As+ A1 22 ¢y013 210 1710 $210,13

24 756 Ay 21 Pyo0.13 420 1572750 $a2013 + ¢336,14
20 621  Da(ar) + A1 19 ¢yp515 405 17899710 ®405,15 T P216,16
25 621  D4(ar)+ A1 19 @515 405 1992210 g 0505 T $216,16
26 189 (A3 +A1)" 13 ¢ig990 189 1'% P189,20

30 189 (A3 +A1)" 13 ¢ig990 189 1'% P189,20

27 105 A2 + 3141 12 ¢105 21 105 1105 ¢105 21

28 135 As + Ay 8  @190.95 120 1105215 P120,25 + P15.98
31 21 (3A1)" 4 P91 36 21 17T $21.36

32



33 block : E7 (R) ,E7 (]R)

# |C| Oc N Ospec #Prim (C) Proo W-rep

0 1 Er 45 D10 1 1 $1.0

1 7 E7 (a1) 4 P74 7 Iy P71

2 27 Er(az) 43 s 27 17 Par.2

3 91 E7(‘13) 42 ¢>56,3 56 1712% ¢56,3 + ¢35,4

4 91 E-(a3) 42 @563 56 1712% $s56,3 + 354

5 21 Es 41 @9y 5 21 1°t $21,3
721 Fs 41 ¢y 21 12 $21.3

6 135 Eg(ar) 40 P04 120 170521 $120,a + D157
8 135 Eg(ar) 40 @1904 120 110%219 1204 + 157
10 135 FEs(a1) 40 1904 120 110921 1204 + Pr57
9 189 E+(as) 38 disos 189 1 b1590,5

11 189 Ez(as) 38 Pigg s 189 1% P189,5

14 189 E7(a4) 38 g0 189 1199 b180,5

16 189 Er(a1) 38 diges 189 1159 P1s0.5

12 210 De(a1) 37 baos 210 1710 P210,6

137 168  Ds+ A1 30 g 168 1% Pre8.6

15 105 Ag 35 G105 105 1o P105.6

17 105 Ag 35 G105 105 1199 P105.6

21 105 Asg 35 G105 105 110 P105.6

24 105 As 35 Grose 105 1100 P105.6

18 875 Er(as) 34 P3157 315 2703%% b315,7 T Paso,s T Paso,e
26 665 Er(as) 34 ¢354 315 1392210370 $315.7 T Paso.s + Proe
20 189 Ds 33 isor 189 1 D180,7

23 189 Ds 33 biso 7 189 1'% b180.7

22 621 FEs(as3) 32 Gupss 405 17892710 b405,8 T Pa16,0
25 621 Es(as) 32 Puons 405 11892216 ba05,5 T P216,0
28 621 Es(as) 32 G055 405 11899216 Pa05.8 + Pa16.0
19 378 Ds(a1) + A1 30  darss 378 1378 P378.9

29 378 Ds(a1)+ A1 30 ¢yre0 378 1%78 b378,9

30 378 Ds(a1) + A1 30  dase 378 1% P378.0

31 378 Ds(a1) + A1 30 yre 378 157 Pars.o

33 210 A+ A 2T dyion0 210 1710 ®210,10

34 210 As+ Ao 27 $210,10 210 1210 $210,10

35 210 Ay + Ao 27 $910,10 210 1210 ®210,10

36 210 As+ A 27 210,10 210 121 $210,10

32 504 Ds(a1) 26 b420.10 420 1336984 Pa20,10 T Psa,12
38 756 Ds(aq) 26 Puz0.10 420 1342336 $420,10 + P336,11
37 1024 As+ Ay 25 ¢s1211 512 21 512,11 T Ps12,12
39 1024 As+ Ay 25 ¢J512,11 512 2°12 ¢512,11 + ¢512,12
40 1024 As+ Ay 25 dsiom1 512 2°12 ®512,11 + Ps12,12
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33 block : E7 (R), Er (R) cont’d

# 1C| Oc¢ N Ospec #Prim (C) Proo W-rep

45 105 (A5)” 23 G105 12 105 1 b105,12

41 210 As+ Az + A1 22 045 210 1210 $210,13

44 210 As+ As+ A1 22 Goipas 210 1210 $210.13

46 504 As 21 d40013 420 179525 $a20,13 T Psa,15
47 504 As 21 ¢y0013 420 1396284 $a20,13 T Psa,15
49 504 Ay 21 ¢y0013 420 1349336 $420,13 T Psa15
48 378 Az + Ao 20 378,14 378 1°7 P378,14

50 378 Az + Az 20 ¢375,14 378 17 $378,14

51 378  As+As 20 ey 378 178 P378.14

57 378 Az + Ao 20 937514 378 1°7® $37814

59 378 Az + As 20 ¢g0514 378 1%78 $378,14

42 621 Ds(ar) + A1 19 ¢yp515 405 11892216 Pa05,15 T Pa16,16
52 621 Da(a1)+ A1 19 ¢uonqs 405 11892216 Pa05.15 + P216.16
53 105 D, 18 10515 105 170 $105,15

55 105 D, 18 o5 15 105 1199 D105.15

54 665 Dy(aq) 16 ¢315.16 315 17952210370 $315,16 T P2s0,17 T 70,18
56 665 Dy(aq) 16 ¢315,16 315 1992219370 ¢315,16 + ¢280,17 + ¢70,18
58 875 Dy(ar) 16 ¢315,16 315 2703245 ¢315,16 + ¢280,17 + ¢280,18
60 875 Dy(ar) 16 P315.16 315 270324 $315,16 T Paso,17 T ¢280,18
63 189 (As+ A1) 13 ¢ig090 189 1789 ®189 20

43 105 Az + 34 12 ¢105,21 105 1 P105,21

61 105 Az + 3A; 12 P05, 105 1100 P105,21

64 168 24, 11 s 168 1708 P168,21

65 168 24, 11 Pieg01 168 1168 Pr68.91

66 210 As 10 o100 210 177 $210,21

69 210 Az 10 ¢910.01 210 1210 $210.21

62 189 Az + 244 9 Pigg.22 189 1% $189,22

67 189 As +2A4 9 P1s9,22 189 1'% $189,22

68 189 Az + 24, 9 Pis9.22 189 1'% $189,22

70 189 Az + 24, 9 Pis89.22 189 1'% $189,22

71 189 Az + 24 9 Pigg.20 189 1'% $189,22

72 135 Az + Ay 8 P120,25 120 170521 $120,25 T P15,28
75 225 Az + Ay 8  P12025 120 1192199 $120,25 T P105,26
73 91 A 6 ¥56,30 56 1712% ®56,30 T 35,31
74 91 Ao 6 Ps630 26 1212%9 ®56,30 T P35,31
76 91 A 6 Ps630 26 1212%° ®56,30 + P35,31
7T 91 Ao 6?5630 26 1212 $56,30 + P35.31
78 21 (3A1)" 4 Pa136 21 17 $21.36

79 27 24, 3 Gorar 27 177 ba7,37

80 27 24, 3 Porar 27 1% $ar7.37

81 7 Al 2 ¢7,46 7 17 ¢7,46

82 7 Al 2 ¢7,46 7 17 ¢7 46

83 1 0 T ¢ 1 1 D163

84 1 0 1 ¢y 1 1 b1.63
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B.7. Fs.

11 block : Eg (e7 +5u(2)), Es (e7 + 5u(2))

# |C| Oc n  0ospec #Prim(C) P.,_, W-rep

0 525 E6 50 ¢’525,12 525 1525 ¢525,12

1 2100 Ds 34 950020 2100 1% 90 100,20

2 525 Dy 15 59536 525 1% o536

12 block : Eg (e7 +s5u(2)), Es (R)

# O] O¢ n  Ospee  #Prim (C) Proo W-rep
0 525 Es 50  Ps95 10 525 1°% ¢525,12
1 3500 Es(a1) 47 dag00.13 2800 12199270 B 00,13 + Proo.16
5 4200 Ag 43 da00015 4200 17200 $4200,15
2 2100 Ds 34 P3100.20 2100 1710 $2100,20
3 2100  Ds 34 by100.20 2100 1% $y100.20
4 8800 Es(as) 33 @sp0021 5600 1270023200 ®5600,21 T P3200,22
6 8800 FEg(asz) 33 ¢se00.01 5600 1240093200 00,21 + Pano0,22
7 4536 As+Ax 28 @ussg03 4536 175 Pus36,23
8 4900 Ds(a1) 26 ag0.05 2800 17922190 000,25 + P2100,28
9 8192 As+A1 24 Pyp96.96 4096 2709 $4096,26 T Paoos,27
11 3240 Ay 20 $gs 30 2268 1299292 Gnes,30 + Dora,a
14 3240 Ay 20 Poogs 30 2268 112969972 $a268,30 T Por2,32
18 3240 A3 + A2 19 ¢3240 31 3240 13240 ¢3240 31
10 525 D, 15 ¢s595.36 525 > ®525,36
13 525 Dy 15 o5 56 525 1929 D505.36
12 3192 Da(a1) 14 ¢140037 1400 17025963 $1400,37 T P1344,38 T Paas 30
15 3752 Da(a1) 14 ¢i40037 1400 2483%2 ¢ 100,37 + B13a4,38 T Pro0s 39
19 3752  Di(a1) 14 ¢r40037 1400 24483952 $1400,37 T P1344,38 T P1008.39
20 1000 24, 1T Grgoun 700 17092590 g 1042 + Pa00,44
16 567 Az 9 Pserac 567 1°7 Ps67.46
21 567 Ag 9 dseras 567 1507 Ds67.46
22 560 Az + 241 8 Gseour 560 1°% 560,47
24 560 Ax+241 8  Psgoar 560 1560 Ds60.47
25 370 Ax4+ A1 T dyi0s0 210 1702190 $210,52 + P160,55
17 196 Az 5 911063 112 1752% P112,63 T Psa,64
23 196 Az 5 1263 112 12828 $112,63 + Psa,64
26 196 Az 5  biis.3 112 12828 P112,63 T Psaes
27 35 241 3 G3sma 35 1% b35,74
28 35 24, 3 a5 35 1% 35,74
29 8 Aq 2 $s.01 8 1® Ps.01
30 1 1 1 ®1.120 1 1 ®1.120
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21 block : FEg (R), Eg (e7 + su(2))

# |C| Oc n  Ospee  #FPrim (C) Preo W-rep

0 1 ES 70 ¢1,0 1 11 ¢1,0

T Es(a1) 69 g, 8 1® b1

2 35 Bs(az) 68 g5, 35 1 35,2

3 35 Es (a2) 68 a5 0 35 138 P5.0

4 196 Es (a3) 67 9123 112 125251 $112,3 T Psaa

5 196 Es (a3) 67 P10 112 12828 P112,3 T Psaa

13 196 Es (a3) 67 P10 112 128984 1123 + Psaa

6 370 FEs (a4) 66 9o104 210 1702190 $210,4 + Pr60,7

7 560 Es (bs) 64  ds605 560 % $560,5

9 560 Es (bs) 64 ¢560,5 560 1°60 Ps560,5

8 1000 Ex (as) 63 97006 700 1709239 P700.6 T P300.8

10 567 E; ((11) 62 ¢567,6 567 1567 ¢567,6

14 567  Er(a) 62 ¢sgrg 567 1507 D567,

11 3752 Es (bs) 61 Pra00,7 1400 2132 $1400,7 T P1344,8 T P1008,9
12 3192 Es (bs) 61 ®14007 1400 17098963348 $1400,7 T Pr3aa,8 T Passo
20 3752 Es (bs) 61  Pr400.7 1400 21483992 $1400,7 + P1344,8 T Pr00s,9
15 3240 D7 (m) 56 (3940 0 3240 1770 P340,

16 3240 E7 (a3) 54 $a968,10 2268 172959972 68,10 T Pora,12
22 3240 E7 (as3) 54 (252268;10 2268 112962972 $a268,10 T Por2.12
17 8192 FEs(a1)+ A1 53 dun96.11 4096 2% $4096,11 + Paoge,12
21 525 Es 50 @pa5,12 925 % $595,12

28 525 Es 50 (s 1o 525 1729 Ps25.12

18 4536 Ds + A, 48 Pus536.13 4536 17736 Pa536,13

23 4900 Es (a1) 47 Pas00.13 2800 17027190 6 00,13 T $2100,16
19 8800 Ds (a1) 44 Ps600,15 5600 1280093200 ®5600,15 T P3200,16
24 8800 D (a1) 44 bs600.15 5600 1249023200 g 00,15 T ?3200,16
25 2100 Ds 34 ¢2100,20 2100 12199 ¢2100720

29 2100 Ds 34 by100.20 2100 12190 $2100.20

26 4200 Dy + Ao 32 $y000.21 4200 17200 $4200,21

27 3500 Ds (a1) 26 Pago,25 2800 17199270 600,25 T Pro0.28
30 525 Dy 15 ¢595.36 925 % $595.36

36



22 block : Eg (R) ,ES (]R)

37

7# ‘C| Oc n O spec #Prim (C) Pro W-rep
0 1 Es 0 1, 1 1" b1
1 8 Eg (al) 69 ¢8,1 8 18 ¢8,1
2 35 Es (a2) 68 @350 35 1% P35,
3 196 Es (a3) 67 123 112 178287 P112,3 T Psaa
5 196 Es (a3) 67 9113 112 128284 P112.3 + Psaq
4 260 Es (a4) 66 @104 210 17092%0 $210,4 T P50.8
7 260 Es (a4) 66 ¢o104 210 1109290 P210.4 + Ps0.8
6 560 Es (bs) 64 ds605 560 1°% Ps60,5
8 560 Es(bi) 64 5605 560 1700 P560,5
9 560 Es(bs) 64 o505 560 190 Ps60.5
10 1100 Es (as) 63 97006 700 17002700 $700,6 T Paco,7
13 1100 FEs (as) 63 97006 700 12009400 P700,6 T Pa00,7
17 1100 Es (as) 63 d7006 700 12002400 $700,6 T Pavo,7
11 567 Er(a1) 62 sers 567 17 Ps67.6
12 3192 Es (bs) 61 ®14007 1400 1°62°963%48 P1400,7 T P1344,8 T Passo
14 3752 Es (bs) 61 P1400.7 1400 21483992 P1400,7 T P1344,8 T P100s.9
15 4025 Es (ag) 59 d14008 1400 21773127 ®1400,8 T P1575,10 + P1050,10
18 2625 Es (ag) 59 14008 1400 135028753175 P1400,8 T P1050,10 T Pr75.12
16 3240 Dy (a1) 56 39400 3240 17270 P3240,9
19 3240 D7 (a1) 56 32409 3240 13240 ®3240,0
20 3240 Dr(a1) 56 a0 3240 13240 $3240,9
21 3240 Dr(a1) 56 a0 3240 17240 $3240,0
22 3240 D7 (a1) 56 $a0409 3240 13240 G940 0
23 3640 Es (be) 55 $a240,10 2240 131021400 $2240,10 T P1400,11
25 3640 Es (bs) 55 ®a9240,10 2240 184021400 $2240,10 + P1400,11
27 3640 Es (bs) 55 $a9240.10 2240 184021400 $2240,10 + P1400,11
24 3240 E7 (as) 54 @a06s,10 2268 112962972 Pa268,10 T Por2,12
29 3240 E7 (a3) 54 $a965.10 2268 112962972 $2268,10 T Por2,12
26 8192 FEg(a1)+ A1 53 00611 4096 270% Pa096,11 T Pa096,12
30 8192 FEg(ai1)+ A1 53 ¢yp06.11 4096 24096 P4096,11 T Pa096,12
28 7560 D7 (a2) 51 $400012 4200 13703360 Pa200,12 T P3360,13
31 5040 D7 (a2) 51 @4900,12 4200 193609840 $4200,12 + 840,14
35 7560 D+ (a2) 51 Pusp0,12 4200 184023360 $4200,12 + P3360,13
33 525 Es 50 59510 525 152 Ps5.12
32 4536 Ds + A, 48 Pu536.13 4536 17950 P4s536,13
38 4536  Ds+ Az 48 ¢uszens 4536 14936 D4536,13
39 4536 Ds + Aj 48 Py536.13 4536 114936 b4536,13
45 4536 Ds+ Ay 48 ¢usaas 4536 114596 Pas36.13
34 3500 Es (a1) 47 $as00,13 2800 171009700 P2800,13 + P700,16
37 3500 Es (a1) 47 Pagoo,13 2800 121002700 $2800,13 + P700,16
36 6075 E7 (a4) 46 Peo75.14 6075 1007 b6075,14
41 6075 Fr (a4) 46 bgors.14 6075 16075 Peo75,14
43 6075 Er (a4) 46 ¢6075 14 6075 16075 ¢6075 14
40 2835  Ag+ A1 45 uessa 2835 125% Pos35.14
44 8800 D (a1) 44 560015 5600 1770023200 Ps600,15 T P3200,16
49 8800 D (a1) 44 P5600,15 5600 1240093200 $5600,15 T P3200,16
42 4200 Ag 43" Buz00.15 4200 17200 Pa200,15
46 4200 Asg 43 420015 4200 14200 $4200,15
48 4200 Ag 43 Buz00.15 4200 14290 $4200,15
50 4200 Ag 43 bu000.15 4200 14200 P4200.15
9703378 41092 ®a480,16 T Pri6s,17 T P3150,18
47 22778 Es (a7) 42 dy4z0,16 4480 5924159677420 +®4200,18 T P1344,10 T P2016,10
+¢420,20
542071134 Paaso,16 T Pries,17 + 2Pa200,18
51 38766 Es (ar) 42 Pu480,16 4480 81596191330 +Pus536,18 T Pse70,18 + P1344,10
+P5600,10 T P1400,20 T P168s,24
42077568168 ®4480 16 T 20716817 T P3150.18
53 46676 Es (ar) 12 P4480,16 4480 92781170 +®4200,18 T Pasze,18 T Ps670,18
121990131092 +®2016.19 T Ps600.10 + Pass.20




22 block : Eg (R), Es (R) , cont’d

# |C| Oc n  Ospec  #F#Prim (C) Preoo W -rep

54 2100 Ds 34 210020 2100 1710 $2100.20

55 8800 Es (as3) 33 ¢5600,21 5600 1770093200 ¢5600,21 + ¢3200,22
63 8800 Es (a3) 33 Ps600.21 5600 1240099200 $5600,21 T ¢3200,22
52 4200 Dy + As 32 Pua00,21 4200 17290 ®4200,21

57 4200  Di+Ax 32 umom 4200 14200 b4200,21

59 4200 Dy + Ay 32 @u000,21 4200 14200 $4200,21

62 4200 Dy + Ao 32 Bu000 91 4200 14200 Ba200,21

60 2835 As+ As+ A1 31 ¢ogss 00 2835 12835 Dog3s.29

58 6075 Ds(a1)+ A1 30 ¢gors.00 6075 1°07 $6075,22

64 6075 Ds(a1)+ A1 30 Pgors,00 6075 16075 $6075,22

65 6075 Ds(a1) + A1 30 Pgors.00 6075 16075 Peo75,22

56 4536 As+ A 28 (usse.0s 4536 175% b4536,23

66 4536 A4 + A2 28 ¢4536,23 4536 14536 ¢4536,23

68 4536 A4 + AQ 28 ¢4536,23 4536 14536 ¢4536,23

69 4536  As+As 28 ussges 4536 14596 Da536.23

61 7560 As+2A: 27 $4200,24 4200 139029360 $4200,24  P3360,25
67 7560 As+ 244 27 $4200,24 4200 181093360 $4200,24 T P3360,25
70 5040 As+2A: 27 $4200,24 4200 173602840 $4200,24 T Ps40.26
71 3500 Ds (a1) 26 Pogoo,25 2800 121002700 $2800,25 T Pr00,28
79 3500 Ds (a1) 26 Pogoo25 2800 121009700 $2800,25 T Pro0,28
72 8192 As+ A 24 $4096,26 4096 270% $4096,26 T Paoo6,27
80 8192 As+ Ay 24 Pu006.26 4096 24096 $4096.26 T Paooe,27
73 3640 Di(a1)+ Az 23 dopg00s 2240 18401400 $2240,28 + P1400,20
78 3640 Di(a1)+ A2 23 dopu00s 2240 184021400 $2240,28 T P1400,20
81 3640 Dy(a1)+ A2 23 ooun0s 2240 184091400 P2240,28 T P1400.20
74 3240 Ay 20 Paz6s.30 2268 1729697 Pa268,30 + Por2,32
82 3240 Ay 20 Pungs.z0 2268 112969972 Pa268.30 T Pora.3
75 3240 A3 + AQ 19 ¢3240731 3240 13240 ¢3240,31

76 3240 As + As 19 by040.31 3240 13240 $3240,31

83 3240 Az + A 19 ¢3240,31 3240 13240 ¢3240,31

84 3240 A3 + A2 19 ¢3240’31 3240 13240 ¢3240,31

86 3240 Az + A, 19 P3040.31 3240 19240 $3240,31

87 4025 Di(a1)+ A1 18 ¢iy0030 1400 217531275 $1400,32 T P1575,34 T P1050,34
89 2625 Dy(a1)+ A1 18 40030 1400 139098753175 $1400.32 T P1050,34 + P175.36
85 525 Dy 15 50536 525 % $525.36

88 3752 Dy (a1) 14 140037 1400 2718392 ?1400,37 + P1344,38 T Pr008,30
90 3192 Dy (a1) 14 ¢1400,37 1400 17628903148 $1400,37 T P1344,38 T Paas 30
77 1100 24, 1T brooan 700 1700700 D700,42 T Paoo,43
91 1100 24, 11 ¢700,42 700 13009400 $700,42 T Pa0o,43
92 1100 2A; 11 ¢700.42 700 13092100 $700,42 + Pa0o,43
94 567 A3 9 ¢567,46 567 1567 ¢567¢46

93 560 As +2A: 8 560,47 560 1% $560,47

95 560 As 4+ 2A4 8 560,47 560 1°%0 $560,47

96 560 As 4+ 2A4 8  Pse0.47 560 1°%0 Ps60,47

97 260 As + Ay T Pa10,52 210 1160250 $210,52 T P50,56
99 260 As + Ay T $a052 210 1109290 $210,52 + Ps0,56
98 196 Ay 5 11063 112 17%2%* $112,63 T Psa,64
100 196 A2 5 ¢112,63 112 128284 ¢112,63 + ¢84,64
101 35 24, 3 $35.74 35 1% $35.74

102 8 Ay 2 ?s.01 3 1® $s.01

103 1 0 1 (151,120 1 1! $1.120
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B.8. G> ((C)

# [Cl  Oc  n ogspec #Prim(C) Pr, W-rep
0 1 G2 5 ¢, 1 1 (¢ 0)2
2 10 G2(a1) 4 ¢2 1 4 2232 (¢’2 1)2 + (¢2,2)2 + (45/1.3)2 + ( ,1,3)2
3.1 0 1 ¢4 1 11 (¢6)°
B.9. F4(C).
# |C] Oc n Ospec #Prim(C) Py W-rep
0 1 Fy 16 ¢ 1 1t (¢, 0)2
1 24 Fu(a1) 15 ¢4,1 16 1898 (¢4 1)2 + ((z)/2,4)2 T ( /2/4)2
2 8 Flw) 14 by W T (00)]
B 1 o, o A
4 64 G 13 dyy G4 1 (64)°
(¢12,4>2 + (@516,5)2 + (¢>g0)2
144 912320 448530516918 + ( /6',6)2 + (¢é,6)2 + ( '9"6)2
5 684 Fu(az) 11 ¢y, (D)t (2) + ()
+(¢)10)° + (6712)°
6 61 4o 5 dny G4 1 (¢%s)
T Ao i, R
8 8 A 4 doy 8 1= (G0
9 24 A 3 ¢’4’13 16 1828 (<154 13)2 + (¢/2 16)2 + ( /2/16)2
10 1 0 1 ¢104 1 1! (¢1 24)2
B.10. Es (C).
# |C] Oc n o Ospec  FPrim (C) P W-rep
0 1 Es 21 ¢y, 1 1t (¢1‘0)2
1 36 Es(a1) 20  ¢g, 36 136 (%,1)2
2 400 Ds 19 ¢g0 400 1400 (¢20 2)2
3 1350 Egs(as) 18 303 900 11902150 (¢30 3)2 + (15 4)2 + (92315.5)2
4 4096 Ds(a1) 17 Pea4 4096 1409 (¢64 4)2
5 3600 Ast+Ar 15 o5 3600 13000 (%0.5)2
6 6561 Ay 13 Pg16 6561 16561 (6s516)°
T 5% D 13 e 5T R )
8 18600 Da(a1) 12 ¢gor 6400 140051000 34600 5400 _(;1)?231739)45 _(f?;:o)’m;? 60,8
9 6561 As+ A 9 Ps110 6561 1961 (¢81,10)2
10 3600 Ax+2A47 8  ¢go11 3600 13600 (660 11)2
1576 242 LECPYRE 576 1°7 (¢24 12)2
12 4096  As + Ay 6 Peais 4096 14096 (%4713)2
15 1550 Az 5 Ps0a5 900 L (¢30 15)2 + (¢15,16)2 + (15 17)2
14 400 2A4 3 $a020 400 1400 (¢20 20)2
15 36 A 2 beos 36 1% (¢6,25)2
16 1 0 L ¢i36 1 1 (¢L36)2




40

B.11. E; (C).

# |c| Oc n_ Ospec  #Prim (C) Pro W-rep

0 1 B 45 ¢, 1 1 (¢10)°

1 49 Er(ar) 4 4, 49 1% (¢ 1)2

2 729 E+(az) 43 s 729 1729 (f272)°

3 4802 E-(as) 12 b4 3136 1147021666 (0565)° + (P35.4)° + (b1.6)”

4 441 Es 41 gy 5 441 1 (¢21 3)

5 25650 Egs(ar) 40 @1904 14400 13190911250 (¢12 4)2 + (¢105 5) (¢15 7)

6 35721 Ex(as) 38 e s 35721 135721 (1505)°

7 44100 De(az) 37 o106 44100 144100 (621006)”

8 28224 Ds + A; 36 Prese 28224 128224 (165.6)°

9 11025 As 35 ro5.6 11025 111025 (d105.6)°

10 262150 Er(as) 34 3157 99225 14900929400 36370051225 (‘25315’7)2 + (S2s0, 8)2 + (92505) i
’ (¢35 13)

11 35721 Ds 33 ¢y 35721 139721 (b150.7)°

12 246402 Es(as) 32 duss 164025 181648982377 (Ga05.8)" + (9216.0)" + (S180.10)°

13 142884 Ds(a1) + A1 30 ¢argg 142884 1142884 (fs7s 9)2

14 296352 Ds (al) 26 490,10 176400 156148119952 (¢210 10)2 + (¢336 11)2 + (¢84.12)2

15 44100 As+ A 26 $910.10 44100 144100 (¢210 10)2

16 524288 As+ Ay 25 ¢51914 262144 12021 (¢512 11)2

17 11025 (As)"” 23 $105 10 11025 111025 (¢105.12)°

18 296352 Ay 21 ¢us0.13 176400 1704489119952 (¢420 13)2 + (¢336 14)2 + (¢84 15)2

19 44100 As+As+ A1 22 doo13 44100 144100 (621013)°

20 142884 As + As 20 Pyrg1a 142884 phazssd (¢378.14)°

21 246402 Di(ar) + A1 19 ¢yp5.5 164025 131648982377 (h40s, 15)2 + (6216,16) " + (D180.17)°

22 11025 Dy 18 byos 15 11025 111028 ($105.15)"

23 262150 D4(a1) 16 ¢315 16 99225 1490022940036370061225 (¢315,16)2 j (¢28D,17)22+ (¢28O,18)2
' + (¢70 ,18) + (¢35 22)

24 35721  (As+ A1) 13 ¢rg990 35721 135721 (¢150.20)"

25 11025 Az +341 12 o5 11025 111025 ($105.21)°

26 28224 24, 11 ¢re8 01 28224 128224 (¢168.21)°

27 44199 As 10 o100 44100 144100 (621021)°

28 35721 Ag + 24, 9 5090 35721 135721 (¢150 0)

29 25650 As + Ay 8  @120.25 14400 114400 (¢120 25)2

30 4802 A 6 Ps6.30 3136 13136 (¢56 30)2

31 441 (341)" 4 ¢y 441 14! (d21.36)°

32 729 24, 3 Parsr 721 17 (¢’27,37)2

33 49 Aq 2 Do 49 1% (¢7.46)2

34 1 0 1 6 1 1! (163)°




