Bernstein degree computations
and Selberg type integrals

OSU Representation Theory Seminar
March 1, 2006

1. BERNSTEIN DEGREES OF MULTIPLICITY FREE (g, K)-MODULES

In previous seminars I've talked about the Selberg type integral that arises in the computation of the
Bernstein degrees of certain small unitary representations associated with simple non-Euclidean Jordan
algebras.

In this seminar I’ll instead introduce the same family of integrals as an extension of the results of Kato and
Ochiai to the case where the restricted root systems are of type B,, or C,. (Kato and Ochiai provide an
explicit evaluation of the Bernstein degree integrals only for the hermitian symmetric case (type A,, case)).

Let Gy be a real reductive Lie group, let Ky a maximal compact subgroup of Gy with associated Cartan
involution 6, set g = Lie (Go)¢, ¢ = Lie (Ko). and let g = €+ p be the corresponding Cartan decomposition
of g. Let K let be the connected simply connected reductive complex algebraic group with Lie algebra £
and let V' be a (g, K)-module with the following properties:

e V is multiplicity free; i.e., each K-type in V is of multiplicity one.
o There exists linearly independent weights ¢, ..., ¢, € t* such that
V= @ Vatu
HEA(V)

where V), is the irreducible finite-dimensional K-module with highest weight A with respect to some
Cartan algebra t of £ and

AWV)={p=mipo,+---mgp, [ m1>my>--->m, , m;eN}
e The filtration
Vi = @ V>\+/L
peA® (V)

where
n
AZ(V)—{N—mlsﬁlﬁL"'mn@nlemQZ"'ZngO : Zmigﬁ}
1=1

is a good filtration of V in the sense of Vogan.

Remark 1.1. Actually, in Kato and Ochiai only the K-module structure of V' is needed. For example, one
can V to be the regular functions on a K-invariant affine variety for which there exists an open orbit of a
Borel subgroup of K : a theorem of Vinberg and Kimel’fel’d ([KV]) then says that V' is multiplicity free.
(Such multiplicity free representations have been classified by Kac. A common setting where both these
interpretations of V' coexist is when V is taken to be the ring of regular functions on a K-orbit in p and
the stabilizer of a general point is contained in a Borel subgroup of K (and the orbit corresponds to the
associated variety of a (g, K)-module.)

In this situation, via the Weyl dimension formula, one has

H (0, A\ + pg) % H (o, A+ py) +Z?:1 mi (o, ¢;)

dim V)\+ =
! (o, pre) (o, pre)

aE€AL\AY, aEA},



where A}} is the set of positive ¢ -roots and
AL ={ae AL {ap)#0 , i=1,...,q}
Theorem 1.2 (Kato and Ochiai, [KO). ] If £ is large, then
dim V; = c£?d! + (lower order terms)
where
=n+|A}]
and
A i
c=dn| ] <O‘ +pK / II D 1”“" 21 8O Pi)
T\ AT + (e, pc)
acAf\AT, acAt,

the domain of integration being

Sn{(xl,...,xn)ER”|:1712 To > o> 1, >0 Zasigl}

Of course, the constants d and c are also known as, respectively, the Gelfand-Kirillov dimension and the
Bernstein degree of the (g, K)-module V.

Kato and Ochiai then procede to evaluate the integral
(1) / [T == m e Lim 7000 g,
acAT,

for the case when V is the (g, K)-module is an irreducible unitary highest weight module of scalar type
whose K-types can be identified with the K-types of the ring of regular functions on certain K-orbits in
p*. In their situation, the roots a € AL break up into two subsets

e — €j
Yiong = {aGALMx 12 7|forsomel§i<j§1}

6- .
Yshort = {aEAx/Aa:é\forsomelgzgn}

with the roots in ¥;,,4 occuring with a common multiplicity s and the roots in e occuring with a
common multiplicity r, allowing us to write the integral (1) in the following form

Tnrs /Hﬂfz (€ — ;)" d"x

Sn =1 1<i<j<n

which in turn can be evaluated by applying a change of variables to the original Selberg integral (just to
convert the domain from [0,1]" to S,)..

The case we were studying last year was the case where V is the (g, K)-module of a certain family of
small unitary representations associated with simple non-Euclidean Jordan algebras. There we also had a
multiplicity free (g, K )-module and a splitting of the roots in A7 A s

e, e
2

Yshort = {aEAXﬂa— jforsome1<z<]<n}

Siong = {a €A}, |a=e¢;|forsomel <i<n}

with again common multiplicities d and p for the roots in ¥; and ¥5. This lead us to an integrals of the

form
H 2 2 ddn
’ﬂ d,p '/I:Z (x,b - .T]) x

Sn =1 1<z< j<n
Unfortunately, having a product of difference of squares of the variables as opposed simply a product of
differences of the variables makes this integral much difficult to compute (or at least previously uncomputed).



In this seminar I'll present several different ways of dealing with this integral (each with its own advantages
and disadvantages).

We also note that the appearance of the factors z; — x; rather than z? — w? is reflective of the fact that in

the Nashiyama and Ochiai’s situation the restricted root systems are of type A, _1, while in our situation
the restricted roots systems are of type C,, or D,. Surmounting the consequences of this seemingly minor
modification is the crux of the problem addressed in this seminar.

2. EXPLICIT EVALUATION OF THE INTEGRAL FOR d € 27Z

Let
d

n P
Inap= /S (H xz> H (z7 — g:?) "z
n \i=1

1<i<j<n

where
n
S’n_{(ml,;xn)eanlszZanzo 9 szgl}
i=1

in this section we shall assume that d is a positive even integer.

When d is a even integer the integrand is a symmetric polynomial and we can reformulate the integral as
an integral over a much simpler domain:

d

n p
1

1<i<j<n

where

Q’I’L:GTLS’H:{(:E177xn)€Rn|x120a7$n20 ) legl}
=1

where §2,, is the much simpler simplex
n
Qn=6n-8n:{xeR"xi207 i=1,...n, and Zmig1}
i=1

Next, we set
a=n(p+dn-1)+1)

and note that degree of the integrand is a — n.

We now use the identity
I'(a+ 1)/ f(x)dx = / f(x)s%e *dxds
Qp Q% (0,00)

and make a change of variables

— ap v
Yi = ST; Ty > Yk

n = k
t=s(l-2 %) § =1+ k1 Ur

which maps €, x (0, c0) diffeomorphically onto (0,00)" x (0,00). The Jacobian this transformation is easily
seen to be




and so we have for any function f homogeneous of degree a — n

I'((a+ 1))/Q f(x)dx = /Q o )f (x) s*e™*dxds

- f( ) b+ k| e TREae [t "y | dydt
/(o,oo)"x(o,oo) t—"_Zk 1Y Z 1;

-/ £ (y) e~ vedydt
0,00)™ % (0,00)

[ Fe)e Vi
(0,00)™

We thus arrive at

1 1 P
ot = G o (H%> 1 (2 -u)') e Sy

1<i<j<n

The next step is to expand the second product using the identity

[T @ -s))=det (55°7) s u= 2 smo HyQ(”“

1<i<j<n Jj=1,. 0EG,

We have

n

d
<ngn Hyz(a( > =2 ) sgn(on) Sgn(ad)Hy?(al(i)71)+"'+2("d(i)*1)

o€Sy, c1€6, ci€EG, i=1
n
_ 2(2?:1 aj (i))_Qd
P— ... Sgn (O’l ... O’d) yl
ceG, 04d€EGn =1
and so

_ 1 1 Yo, o)) —2d+p T8
s = T S Y sgnlon /OOO) v dy

01€6, 04€6,

1 1 1050 Py,
T S Y sgnfon 'Ud)H</O yf(ZJ (i) =2d+p dyz)

01€6, 04€6, =1
11 . : ,
o1 n gd n 1=

where we have used the Euler’s integral formula for the gamma function

I‘(x):/o t*le~tat

In summary,

Proposition 2.1. If d is even and

In,d,pz/ (fo) H (x?_x?)d d"z
Sn

i 1<i<j<n



then

n

In’d’p:%ﬁ Z Z sgn(01~~ad)HI‘(201(i)+'~-+20d(i)—2d+p—|—1)

01€6, ci€G, i=1

wherea=n(p+d(n—1)+1).

We now focus our attention on the product of gamma factors
[T @01 )+ +20a(6) —2d+p+1)
i=1

We begin by forming the vector

d d

> oj(n)

ey
Jj=1

d
> 05 (1). 30, (2)

and then reordering the components in increasing order to form a vector
d d
v (o) = |min g o; (i) ¢,...,max E o; (%)
N . =

Lemma 2.2. For any arrangement o € (GH)d we have

14(0) > 3+ 1)

Proof. We first note that
71(0) =d
follows readily from the requirement that each o; (i) > 1. Next we note that for any arrangement

(01,-.-,04)
d n

d
d
YD o) =1 (1+2+ - +n)= Zn(n+1)
=1 i=1 j=1
and that the particular arrangement where
[ ,2,...,n—1,n] ifkiseven
= In—1,...,2,1] ifkis odd

leads to

- D+=Mm),=2)+=(n-=-1),...,

d d . d d g<)+
2 2 My 2 g "

)
_ {;l(nJrl),g(nJrl),...,;l(nJrl)}

Now note that one cannot decrease the last component of 4 (o) further without violating the requirement
that 37" 7; (¢) = 4n(n — 1) (and the stipulated ordering v; (o) < ;.4 (0)). Thus, we have

d
(o) 2 5 (1)
Finally, we observe that the arrangement

o — 1,2,...,i—1,4,i+1,...,n] if kiseven
Tl li—1,...,2,1,i41,...,n] ifkis odd

leads to p
'y(a):{(i+1),...72(z’—i—l),d(i—i—l),...,d(n)



and that by essentially the reasoning as above

|
Corollary 2.3. Let

Sna(®)=Y_ - Y sgn(or---0a) [[T (201 () + -+ 204 (i) —2d+p+1)

ceG, PaEGH i=1
Then

Sna (p) =Pna(P) [[T(0+1+d(i 1))

=1

where
(I)n,d (p) = Z Z sgn (01 H +1+d 7’+1))2p.i(0')
ceG, Pa€EGH =1

. . . d
is a polynomial in p of degree < §n(n —1).

Proof. Set
hi(0) =7i(0) — 5 (i +1)
so that
w; (o) >0 ) i=1,...,n
For each term of the iterated sum we can arrange the gamma factors so that their arguments are non-
decreasing. In other words we can write

Spa(p) = Z Z sgn(o1---0q)

cEeG, Pa€EGH

= Z Z sgn (o1 -+ 0q)

ceG, Pa€EGH

= Z Z sgn (o1 -+ 0q)

ceG, Pa€EGnH

=

s
Il
-

I'(2y,(o)—2d+p+1)

L (2u; (o) +d(i+1)—2d+p+1)

=

<
Il
-

Tp+1+d(i—1)+2u,; (o))

=

<
Il
—

We now introducing the Pochhammer symbols (z),, defined by
I'(z+n)

and note that for positive integers n

and

Returning to our expression for S, 4 (p) we have

Sna®)=Y_ - Y sgn(or--oa) [[T(p+1+2p(0)+d(i—1)

ceS, PiESH i=1
= > Y sgn(oron) [[o+14d(i—1),y, T+ 1+d(@i—1)
ceS, PaEGH i=1

Z Z sgn (oq -+ Hp+l+d Dap, (o) HF (p+14+d(i+1))
i=1 i=1

oEG,, Pa€EG,



Finally we note that each factor

is a polynomial in p of total degree

n

ZQM(U) 22(2%‘ () —d(i+1))

i=1 i=1

:QZ'yi(a)—d(;n(n-i-l)-i-n)

i=1
:2ZZaj(i)—d<;n(n+l)+n)
i=1 j=1
=2d <i_1z —d<2n(n+1)+n>
:2d%n(n+1)—gn(n+1)—dn
= gn(n—l)

We conclude that

Sna (p) =®na(P) [[T(p+1+d(i 1))
i=1

n

((2) Crap)={ > Y sgnlorv--o)) [[(p+1+d(i+1))y,

ceG, PaESH =1

a polynomial of degree < %n (n—=1). 1

U

We remark here that the bound deg (®, 4(p)) < §n(n —1) is easily seen to be less than optimal: the
Pochhamer products

n

[[e+1+di+1),, .

i=1
are all monic polynomials, and so when we sum over the arrangements in (6n)d , the sgn (o1 - 04) factors
will lead to a complete cancellation of the leading terms. In fact, explicit computations of the right hand side
of (2) reveal that at least for small n and d the actual degree of ®,, 4 (p) is 4n (n — 1); that is, that that the
terms of degree $n(n—1),4n(n—1)—1,...,%n(n— 1) + 1 all, quite remarkably, cancel. Unfortunately,
we have yet to find a direct combinatorial argument as to why the first %n (n — 1) leading terms all cancel.
However, in §3 we shall succeed not only in extending our results to the case of odd d, but we will also
obtain a least upper bound on the the degree of the polynomial factor ®,, 4 (p) for arbitrary positive integers
d and n.

3. EVALUATION OF THE INTEGRAL FOR d € Z

3.1. Symmetric polynomials and an integral formula of Macdonald. Most of the following material
is very classical and well known; we include it simply to keep the exposition of our notation self-contained.

By a symmetric polynomial of n variables we mean a polynomial p € CJzy,...,x,] invariant under the
natural of the symmetric group &,:

p(x1,...,xn) = (0-p)(T1,...,2p) Ep(ma(l),...,xo(n)) VoeG,



The action of &,, preserves the subspaces of C[z1,...,z,] consisting of homogeneous polynomials of fixed
total degree. We shall denote by A’(Z) the space of homogeneous symmetric polynomials in n variables of
total degree m, so that

o0
Ay =Clan,...,2,)%" = P AY,
m=0

There are several fundamental bases for the subspaces AE’;} )
n and weight m. A partition A of length n is simply a non-increasing list of non-negative integers; i.e.,
A=A, Ag, . A, with Ay > Ag > -+ > A, > 0. The weight |A| of A is the sum of its parts; i.e.,
IA| = >, A\i. There is a partial ordering of the set of partitions of weight w, called the dominance partial
ordering, defined as follows

each parameterized by partitions of length

i
p<A = Y (N-p) =0 o, fori=12....n
j=1
Let A = [\, ..., \,] be a partition, and let 2* = :c{‘l .-~} be the corresponding monomial. The monomial

symmetric function my is the sum of all distinct monic monomials that can be obtained from z* by
permuting the x;’s. Every homogeneous symmetric polynomial of degree m can be uniquely expressed as a
linear combination of the mj with [A| = m.

The power sum symmetric polynomials are defined as follows. For each r > 1, let

n
Pr =My = Zx:
=1

and then for any partition A\, set

pa(2) = pa, (T) pa, (2) - A, ()
The power sum symmetric functions py (z) with |A\| = m provide another basis for the homogeneous sym-
metric polynomials of degree m. In what follows, the power sum symmetric functions are only used to
define a particular inner product for the symmetric polynomials; i.e., an inner product will be defined by
specifying matrix entries with respect to the basis of power sum symmetric polynomials.

The Schur polynomials provide yet another basis. These can be defined as follows. For any partition A of
length n,

ay (x) = det (xf”)
The ay (z) are obviously odd with respect to the action of the permutation group &,; i.e. ay (o (x)) =

sgn (o) ay (z) for all 0 € &,,. However, it turns out that ay =0 forand A<d=[n—-1,n—2,...,1,0], an
that, for every partition A, a5 (z) divides ax4s (2). Indeed,

o,

_ axys (2)
)= @)
is a symmetric polynomial of degree |A|. The polynomials sy () are the Schur symmetric polynomials. The
Schur polynomials {sx | |A\| = m} provide another fundamental basis for the symmetric polynomials that
are homogeneous of degree m. A special case that will be important to us later on is

ss@ = [[ (zi+ay)

1<i<j<n
where again 6 = [n — 1,n —2,...,1,0]. We note also the fact that as (z) is just the Vandermonde determi-
nant
gt g2 x; 1
as () == det C = H (s — ;)
I Tpoy 1| 1SR
TRt T 1
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Jack’s symmetric functions P)(\O‘) are symmetric functions indexed by partitions and depending rationally
on a parameter « which interpolate between the Schur functions sy (z) , the monomial symmetric functions
and two other bases associated with spherical symmetric polynomials on symmetric spaces. other Zy ().
They are (uniquely) characterized by two properties

(i) P)(\a) () = ma(x) + > u<r expmyu(x) ; that is, the “leading term” of P)(\a) is the monomial
e[ =IAl
symmetric functions my and the remaining terms involve only monomial symmetric functions m,,

for which the partition index p is less than A with respect to the dominance ordering.
(ii) When one defines a scalar product on the vector space of homogeneous polynomials of degree m by

<Pmpu> = 5/\#0/()\) H (TmA(T) N (7,)!>

r=1

where mj (r) is the number of times the integer r appears in A, then
<P§“>,P,§“>> —0  ifpu#A

We note that this definition basically ensures that the Pia) (x) are constructible via a Gram-Schmidt
process (although not quite straightforwardly, as the dominiance ordering is only a partial ordering).

In fact, the Jack symmetric polynomials Pia) for special values a = 2, 1, and % can also be characterized
as the spherical polynomials for, respectively, GL (n,R) /O (n), GL (n,H) /U (H). When o = 1 the Jack
symmetric polynomials coincide with the spherical polynomials for GL (n,C) /U (n), as well the Schur
polynomials.

Next we recall the following well known property of Schur polynomials

su () s, (x) = Z K;\VS)\
A<p+v
[M=lpl+lv]

where the coefficients K l/>l’ are determined by the Littlewood-Richardson rule (and are in fact interpretable
as the Clehsch-Gordon coefficents for SL (n)). Because of the triangular decomposition of the product of
two Schur polynomials in terms of other Schur polynomials, and the triangular decomposition of a Jack

symmetric polynomial (and Schur polynomials in particular) in terms of the monomial symmetric functions
we can infer that

(3) (ss (@)= Y &P ()
A<ds
[A]<d|§]

for suitable coefficients cg\a) (To be a little more forthright, we simply note that

span {sx | I\ = 18] , A< 6} = span (my [ 1Al =10] , A< 8) = span { P{*) [ ]| =[6] , A <5}

which follows immediately from condition (i) in the definition of the P)(\a) and the linear independence of

the Pf\a) which follows immediately from orthogonality property (ii) in the definition of the P;\a).)

Next we quote a specialization of a result of Macdonald that is derived by applying a particular change of
variables applied to a formula due to Gross and Richards [GR], and Kadell [K].

Proposition 3.1 ([Mac2). , pg. 886/For Re (k) >0, Re(r) >0,

n

o (B) [JT i+ 7+ & (n — i)

i=1

() (A TT (17— ok, 1
[P T @) e = s



where
a=|MN+m+nn-1k

- T\ — N +E(—i+1))
nk) = ] T\ — A\ +k(G—1))

1<i<j<n
We'll now derive a formula for
d
har= [ (M) ( T G-
Sy 1<i<j<n

We begin by noting that the second factor in the integrand can be written as

d d d

d d
II @-= = II @+ I G@i—2)] =) (as(x)
1<i<j<n 1<i<j<n 1<i<j<n

And so

We now employ (3) with a = g we get

oy = /S n (1:[130;-1> S VP @) | (a5 (@) e

A<ds
[Al=d|é]

-y 4P (H) P @) (0 (2))"

A<ds
[X|=d|d]|
. d
Z c)\ v,\< )HF()\ +r+ - (n—z))
a + 1 A<dé i=1 2
[A|=d|é|

n
d .
= Z c,\HF</\i—|—7‘+2(n—z)>
A<ds =1
[A|=d|d|
for suitable coefficients ¢y which depend only on n and d.

Lemma 3.2. If A =[A1,...,\y] is a partition of weight d|d| such that A < dé, then

d(n—i)+1}

AiZMiE|: D)

Proof. Let P be the set of partitions A = [Aq, ..., \,] satisfying the criteria
Az A2 20, 20

S d
;)\i—§n(n—l)

: : 1 d
jzzl)\jg;d(n—j):ni—ii(i—kl):ii@n—i—l)

10
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Since the total weight of such a A is fixed, in order to minimize a particular part \; we need to arrange it
so that the parts A; to the left of A; are as large as possible while the A; to the right of A; are also large as
possible (otherwise we could shift some of \;’s weight to the right). In fact, if

= min \;
Hi= AEP

we’ll need
By = Hipq1 == Hyp
to make the u; to the right as large as possible and

for the p; to the left to be as large as possible. But for such a minimizing configuration y, we must also
have

i—1
n(n—1) Z“a ddn—j)+(n—i+1)p
j=1

:dn(i—1)—gi(i—1)+(n—i+1)u

Solving this for p, yields

d .
Hi =35 (n—1)
However, if d is odd then
d .
Hi =5 (n—1)
will be an integer only when n — i is even. In such a case, the first integer larger than u; would be
d 1

Accounting for this circumstance, we can write

noting that the added%is innocuous in the cases when d is even or when d is odd and n — 7 is even. |

Theorem 3.3. For d € Z~y,

n
d
Ingr-1= H r (r +p; + B (n— z))
=1
d

where ® (1) is a polynomial of degree < %n (n—1) if d is even, or of degree < 9n(n—1)— 3 [2] if d is
odd..

Proof. We have

Ina(r) = Z C/\HF( Mi+/%+7“+;i(”—i))

A<dé§ i=1
|>\\ d|é|
= Z C,\H M—i—r—i— (n—1) r u4+r+g(n—i)
a—|—1 ¢ \— ¢ 2
A<dS i=1 i H
[A|=d|3]|

1 . d, . .
:m Z C’AH</,Li+r+2(n—z))>\i_ui HF(T—l—d(n—z))

A<dS i=1 i=1
[A|=d]s]
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The upper bound on the total degree of the product of Pochhammer symbols with the large parentheses is

n n n

Z()‘i_:ui):z)‘i_zlui

[ ST

i=1
Now when d is even, we have [%} =4 (n—1i) and so

= d = dn—z _d d 5 d
Z()‘i*lh) 3" n(n—1) Z n(nfl)ffn +Zn(n+1)

=1 i=1

When d is odd, we have

odd

Now if n = 2k, then (n — i) will be odd exactly k times as ¢ ranges from 1 to n, and if n =2k + 1, n — ¢
will be odd exactly k times. which is the stated bound. We can thus write

3 S 1]

i=1

and so
- d 1r1n
> () =gnin=1) -5 3] denk
|
Remark 3.4. When d is even
d(n —1)
My = D)

and so
r)HF(r—i—,ui—i-;i(n—i)) =) [[T(r+d(n—1i)
=1 3

We thus have an indirect proof that

n

Z Z sgn(01--~ad)HF(r—|—201(i)+---20d(i))=<I>(T)HF(T+d(n—i))

01€6,  04€6, i=1
where @ (r) is a polynomial of degree 4n (n — 1).

Remark 3.5. Explicit calculations reveal that for d =1,2,4 and n = 2,3,4,5 that the upper bound on the

degree of @ (r) is in fact realized. Thus, Z” (n — 1) is, in fact, the least upper bound for general d and n.
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4. A RECURSIVE FORMULA FOR / ex (z) (as ()" d"x
Sn

Recall that the i*" elementary symmetric polynomial in n-variables is

0 if <0
(n) 1 if =0
1 e, = .
) ¢ D i< <o iiin TnTp Ty, i 1<i<n
if i>n
Alternatively, the egn) can be defined as the coefficient of ¢* in
(2) =+t
i=1
Let A = [A1, Ag, ..., \p] = (1™12™2 ... n™n) be a partition of length n, the elementary symmetric polynomial
in n variables corresponding to the partition A is
3) A =]
i=1
Lemma 4.1. Let ez(-"_l) (z) be the it" elementary symmetric polynomial in n — 1 variables 1, ..., Ty 1.
Then
(4) " (@) = " (@) + 2ne"7" (a)

This is fairly obvious from the definition (1).

Lemma 4.2. Letx +a= (z1 +a,22+a,...,z, +a). Then

el (z+a) = Z ( i JJ ) el (x)

Jj=0

Proof. We start with the generating function F (t) for the elementary symmetric functions,

n

ﬁ(l +tx;) = Xn:ez(-n) (z)t" = t"H ( +xz) Ze(n)
i=1 i=0

i=1

We now replace ¢ by 1/s to get

n n

s H (s+x;) = Z eE") (z)s™"

i=1 i=0
which yields an alternative generating function

H(S—in):

(n)

NIE

€;
i=1 i=0
Let’s now replace z; by x; + a, for i = 1,...,n. We then have
n ) n n )
Y@ ra) s =] +aita) =Y e (@) (s+a)
i=0 i=1 i=0

3

ez(-n) (x) < net ) als" i

i=0 §=0
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Comparing the total coefficients of s™~* on both sides we see

n n—k
@) = 30 Y ducias (7 ) el )

I
g
ES
+
<

7N
3
|
g
N———

Q

<.

@/_\
Tz
s
~—

Il
£
Il -
[e=}
/N N

4.1. Selberg Integrals of Elementary Symmetric Functions. Let S,, C R" be the simplex prescribed
by

n
Sn:{meR"|x12~--2xn20 , ingl}
i=1

Let A™ (z) be the Vandermonde determinant:

AV @) = [ @i-=y)

1<i<j<n

We aim to derive a recursive formula for integrals of the form

d
Iyyag = / eﬁ") (z) (A(n) (I)) d"z
S

n

where A is an arbitary partition of length < n and d is a positive integer.

Remark 4.3. The application we have in mind is the following. If sg\") is a Schur symmetric polynomial, the
Giambelli formula (see page 453 of Fulton and Harris)

(n) (n) ) (n)

Cpy € +1 o€t
RO
(n) _ | (n) He—1 Hz
ST e.uij*’L :
(n) (n)
Cu—141 T €y

where p = (gy,..., 1) is the partition conjugate to A. Note that the Giambelli formula effectively (and
succinctly) expresses any Schur polynomial as a certain sum products of elementary symmetric polynomi-

als; that is to say, the above formula allows us to express any Schur polynomial sg\n) as a certain linear

combination of the symmetric polynomials 65\7) with |[A| = |X’. Let us write this as
sg\n) = Z Cx,ue,(f) (z)
w
[]=1A]

1Alternatively7 Cn, can be thought of as a fundamental domain for the natural action of the symmetric group on the simplex
bounded by the hyperplanes ;1 =0, 22 =0, ... ,zn =0and Y_1* | x; = 1. However, if d is an odd integer, then the integrand
is only skew-symmetric with respect to interchanges of variables.



Now note that

=D (g sz
5§V (a) = H (zi + ;)
1<i<j<n

and so

(ﬁ m)p H (T +z;) | = (egf))p Z Cé,ueﬁn) (x)

1<i<j<n w
[l=IAl

= Z s uefﬁgpen ()

lul=1A]

Here u + pe,, is the partition obtained from u be increasing the number of times n occurs in u by p.
Thus, a formula for I, » ¢ will also furnish us with a means to compute integrals of the form

T = / (Hw> I 2 |d

1<i<j<n

:/S <H$l> H (@i +x5) H (x; —xj) | do

1<i<j<n 1<i<j<n

:/S Z 05’#6,{32;06” (x) A (z) dx

[]=1A]

E sl 1

[4]=]Al

4.2. A Change of Variables Formula. Recall

Sn:{meR”|x12~--2xn20 , ingl}

Set
Ti— Ty 1
=TI = (L=t i+~
1—nz, n
tn, = nry ’ Ty = —1n
n

The Jacobian of this transformation is

1—t, O 1
19) - - : 1 n
i = det 0 : . : = —(1—t,) 1
ot 0 e 1—t, * n
0 0 %
and the new region of integration is
n—1
{teRﬂtlztzz---ztn_lzo ;o> <1, OStns1}~5n_1><[0,1]
i=1

We thus have
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Lemma 4.4.

/Sn f(x)d's = /01 % (1—t,)" " (/S_ f(x(t)) d"—1t> dt,,

1
i) =1 —ty)t; + —ty,
zi () = (1= ta) i+ -

1

where

Remark 4.5. If f (x) is polynomial, then after making the change of variables and expanding one can pull
all the factors of ¢,, and (1 —t,,) out of the integral over S,,_1. And then the integrations over ¢,, will just
be beta type integrals:

Lt e g~ D@T ()
| eta—o = s = T

Indeed, if one iterates the change of variables formula, then after n — 1 reductions, one arrives at

IR [ ramar ([ A amne (- [ peyin) )d ) ai,
“L([amer (ot (o ([ rwwan) ) )

1 1
L= t0) (L= tnon) -+ (L=t by 4 5 (L= tn) - (L= tg) ta 4o+ =t

where

8
[y
—~
~
~—
I
—~

1 1 1
w2 (t) =5 (L=tn)- (L= to)tat 5 (L= t)- - (L= ty) s -+ —ts
1 1
Lp—1 (t) = m“hitn)tn_l{kﬁtn
1

A bit more succinctly we have

n n

1 1 1 1
i==| [ O=tp) | ti+— | [ =t |tisa+ ——= QA —ta) tar + —tn
T i\ L ( i) +’L+]. 1 ( i) +1+ n—l( ) 1+n
j=t1+1 J=i+2

:Z% IT a—t) ]t

Jj=i k=j+1

where we have adopted the convention
n

I a-t)=1

k=n-+1
From this it’s clear that, via multiple iterations of the change of variables formula, the integral of a poly-
nomial f (x) over S, can be reduced to a sum of products of beta-integrals.

4.3. The Reduction of I,, ) 4. Recall

Innda= / eg\") (z) H (s —xj) | do
s

n 1<i<j<n
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Now the factor [, ., j<n (x; — x;) is just the Vandermonde determinant in n variables. Let us we write

A(n) = H (QCZ 71’3‘)

1<i<j<n

so that our integral can be written a bit more succinctly as
(n) ¢
I)\;n,d = / S\ (A(n)) dx
S7L

Let’s now apply our change of variables where
1
x; = (1 - tn) ti + —1tn
n

Tp = —tn
n

We have

d
T O T N
)

1<i<j<(n—1 i=1

I
A

d d
(1 —t,) (t; — ;) (H (1—t,) )

1<i<j<((n—1)) i=1

= (1= t)""" ”‘“{Ht) II -

1<i<j<(n—1)
= (= 1) 2 (0 () (400 ()

Let

so that we can write

(n—1)

=e" TV (1= tn) (t+a)) (itn> +e ((T=tn)(t+a))
= (1—t,)"" itn )+ —t) " (4 a)
—(1—t) ael" "V (t+a)+ (1 —t,)" "V (t +a)

= (1= t) a1V (t+0) +el" 7V (t+0))

We now apply the generalized binomial expansion of Lemma 1.2 to the terms within the large parentheses

(n-) oD _ n—1-3\ i 1-j (n-1) ~(n—=1-j\ i (1)
ae (t+a)+ (t+a) aZ( i—1—j >a e; (t)+zo( i ae; (t)
J:

:Zi [( 7;__11:}7 ) + ( ”;_1;7 )] a7V (1) + el (2)



(n—1-j)!

(n—1-j)!
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<?_3_§>+<n;1;j>:u1nu

n—1-j—(i—1-))
1

(=)t n—1-j—(—j))

:(n_j_l)!<(i—j—1)!(n—i)!+

. 1—73)+n—1
a0 ()
i -Dlm-j)

G—)l(n—1)

1
(i—j)!(n—i—1)1>

Notice that right hand side evaluates to 1 when i = j. 2 We can thus write

ael" Y (t+a)+el" "V (t+a) =

Thus,

™ (2) = (1—t,)" (aegi;” (t+

Jj=0

a)+el" D (t+a))

=(1—t,) i <(n._j)

(=)= DY e
S ()

(n _j — 1)') ai,jegn—l) (t)

2= =)

(=)
_Z< (i — ) (n—1)

We now set k = £(\) and

C)\:{/J,ENk|0§,U1§

k
e ) =1 ®
i=1

A1, 0y < Ag sy o

. B l >\'L—/J‘i (n — i
Aot n ()\1 —

Then we can write

»m—m—nv
) (= )

M- () 4o

"(”_j_.'l)!)(l—tn)j(

tn)i—j e§n—1) (t)

2 ) (i) ot o)

;0 <y, < A}

eg\n) (z) = Z eap (11— tn)H (tn)l’\‘_““ eLn—l) (1)

nely

2with the usual convention (0)! = T'(1) = 1.
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W) ’ (A= ) “at, | ane

and so
d
Inad :/ eg\n) (x) (A("fl) (sr:)) dx
Sn
:/ (1 /1 (1— )" (eg’” (z (t))) (A(") ( (t)))ddtn> dn 't
S, \"Jo
1 ! n— n(n— - n—
:E/s /0 D eap (1= )" R DG @ YA ) ) (en_l
n neCy
1 1 B _ B e d d
_ 2t Z Cr </ (1—t,)" 1+|pl+n(n—-1)d/2 (tn)lk\ |l dtn)/ e&n—l) (t) (e;_ll) (t)) (A("—l) (t)) a1
TZ#GCA 0 Sn
]' — n— d n— d n—
= > —enuB e+l +n(n—1)d/2, A + [u] + 1) /S e (@) (50 1) (A0 @) ar
pnely n
1 n— n— d m—
= > —eauB i+ lul+n(n=1)v/2 N = |4 + 1) / i, (O (A0 1) @
pnely Sn
where

d
n—1 n— n—1
raen, (1) =€l (1) (5" ()
We thus arrive at the following recursive formula

Proposition 4.6. Set

d
Dna= [ & @) (A" @) do
S

n

Then
Lina= Y Doglu—tyrde, v
HECH
where
On={peN[0<py <A, 0<pp <Ay oon, 0< 1 < N

A=lul+1 (60 o
L= (3) (H(( mle s s 1)'))6(n+|u|+n(n—1)V/2,|A|—lu+1)

(A = )t (n = A)!

i=1
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