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@ g : a complex semisimple Lie algebra

oh:aCSAofg

e A C I1: roots and simple roots

e g¥ : Lie algebra dual to g (e.g., sp (2n,C)” = so(2n+1,C)

@ Nj : set of nilpotent orbits of G = Ad(g) in g (a finite set partially ordered via
inclusion of closures).

@ Sy: the set of special nilpotent orbits (unique dense orbits in associated varieties of
primitive ideals of regular integral infinitesimal character)

@ W : the Weyl group of g (and g").

Goal: Relate nilpotent orbits and Weyl group reps via common combinatorial parameters.
Paradigm
Macdonald rep :jVV,‘//I_ (sgn(Wr))

I'Iar/ \

/

Richardson orbit = indy (0)

Springer
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Inclusion and Induction of Nilpotent Orbits

Let Oy be a nilpotent orbit in a Levi subalgebra [ of g.
There are two basic ways of attaching to the datum ([, Oy) a nilpotent orbit in g.

Inclusion of Nilpotent Orbits

inc (O)=G-O={Xeg|X=g-x forsomege G, xeO}

Induction of Nilpotent Orbits Let p = [+ n be any extension of [ to a parabolic
subalgebra of g.
ind? (Or) = unique dense orbit in G - (O + n)
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Bala-Carter

Def. A nilpotent orbit is distinguished if it is does not meet any proper Levi subalgebra.

(Bala-Carter) Ny is in a 1:1 correspondence with G-conjugacy classes of pairs (I, Oy)
where | is a Levi subalgebra of g and O\ is a distinguished orbit in .

Parameterizing Conjugacy Classes of Levis

Fact:
. . . n
G-conjugacy classes of Levis 1:1 2°/w

Let I C I and set

Wr = <Sa>a€|— cw

Ar=Wr-T
r=b+ > ga
aEAr
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Parameterizing distinguished orbits

Let v C T such that
#A, +#H =#{acAl [a=a1+a2 ; a€d,, mel\y} *)

Then

Fact: ind[[f (0) is a distinguished orbit in [r, and all distinguished orbits arise in this
fashion.

Definition

Let I' be any set of simple roots (a linearly indep. and mutually obtuse set). A subset
~v C I will called distinguished if (*) is satisfied.
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Combinatorial Bala-Carter

Combinatorial Bala-Carter

N, 1:1 {(,y)|ycrcn satisfying (*)} /W

Or ) = incy, (ind[[; (0))

Set
BCy={(,y)|ycrcn satisfying (*)} /W
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Orbit Duality for sl,

Let g = sl(n,C). Then

N, 1:1 {partitions of n}

Jy O - 0 0O 1 0 0

p — Op = orbit of 0 J O : , Jp = 0 0
0 0 1

0 0 Uy 0 0 0

(Gerstenhaber) The partition transpose map t : P (n) — P (n) induces an order
reversing involution

dl./\/'g[n—>./\/'5[nl Op—>(9pt

on the set of nilpotent orbits of sl (n, C).
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Spaltenstein Duality

(Spaltenstein) Let g be a simple Lie algebra. Then there is a unique map d : Ny — N
such that

e d’(0)< O
o d(inc} (Oprin)) = ind? (0).

o image (O) = special nilpotent orbits
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Barbasch-Vogan Duality

Consider the map 1, : Ny — N,v defined by

1 * .
OBX—){x,h,y}—>§h:uo€ (hv) —)Jo:max{an(gv)Ho}
— AssocVar (U (g") /Jo) unique dense orbit 71,4 (O) € Nyv

(Barbasch-Vogan, 1985) The map ng4 has the following properties:

o If O1 C Oy then ng (O2) C 1y (O1)
® 7)g O gV © Mg = Tg
@ Image (1) = {special nilpotent orbits in g*'}
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The Barbasch-Vogan Formula

(Barbasch-Voogan) If Oy € Nyv is an orbit in a Levi subalgebra [Y of g¥, then

MgV (inc[”vv (olv)) = ind® (N (Ow))
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Let
BCov = {(TV,7Y) |7 CcTY C Ny satisfying *}/w
and define ® : BC,v — Sy by

(M) = e (incl, (ind: (0)))
= indf (mrv ("”dr[;i (0)))
= ind[gr (Olw,pﬂ'n)

= An orbit-intrinsic characterization of special orbits (no reference to primitive ideals or
special representations of Weyl groups)

N.B. use of dual parameters
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Weyl group analogs

Opn’n — 1 w

0, +— sgn(W)
indg () «— i () (truncated induction)
Ng — €w (Lusztig's involution of W w/ twist by sgn( W))

O BCyw — Sy i (M.rY) —me (inct, (ind™) (0)))

<+

BCyv — Wapee  + (TV,7") — it (swrv (jvvvfj (sgn(ww))))

= an alternative W-intrinsic characterization of special representations (no generic

degree polynomials required).
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Let
Me = NU {lowest root}

Set
BCey ={(T,7) T CNe, yCT satisfying (*)}

T BC g — W (M) — it (ewee (inf (san (W)

maps BCe gv onto Womir, where

—

Worbit = {‘7 ew | o~ (Ole(O))}

— a W-intrinsic characterization of Springer representations.
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